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Preface to Third Edition

To master precalculus and move on to further studies, you need to practice solving
problems. The more problems you work the better your problem solving skills will
become. You also need exposure to many different types of problems so you can

develop strategies for solving each type.

This study guide provides additional problems for each section of the main text,
Precalculus Mathematics for Calculus, Third Edition. Each problem includes a
detailed solution located adjacent to it. Where appropriate, the solution includes
commentary on what steps are taken and why those particular steps were taken.
Some problems are solved using more than one approach, allowing you to compare
the different methods.

Developing a strategy on how to solve a type of problem is essential to doing well in
mathematics. Therefore, it is extremely important that you work out each problem
before looking at the solution.

If you immediately look at the solution before attempting the problem yourself, you
short change yourself. You skip the important steps of planning the strategy and
deciding on the method to use to carry out this plan. These problem solving skills
cannot be developed by looking at the answer first.

Another method you can use to help study is to use index cards. Put a problem that
you find challenging on one side of the card and the solution and its location in the
text on the other side of the card. Add new problems to your collection whenever
you do your homework. Once a week test yourself with these cards. Be sure to
shuffle the cards each time.

I hope you find this study guide helpful for further understanding the concepts of
precalculus.

John A. Banks
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Section 1.1 Real Numbers

Key Ideas

BoaQ%E>

Real numbers.

Converting a repeating decimal to a fraction.
Properties of real numbers.

Set notations and interval notation.

Absolute value.

A. There are many different types of numbers that make up the real number system. Some of these

special sets are shown below.

Symbol Name Set
N Natural (counting) {1,2,3,4,..}
Z Integers {...,-2,-1,0,1,2,...}
0 Rational { r= 5' p, q are integers, q # 0}
R Reals numbers that can be represented by a point on a line.

Every natural number is an integer, and every integer is a rational number. Example: 3 =
3 : o . .
1= % = .... But not every rational number is an integer and not every integer is a natural

number. Real numbers that cannot be expressed as a ratio of integers are called irrational. =

and \/E are examples of irrational numbers. Every real number has a decimal representation.
When the decimal representation of a number has a sequence of digits that repeats forever it is a
rational number. An important property of real number is order. Order is used to compare two
real numbers and determine their relative position.

Order Symbol Geometrically
ais less than b a<b a lies to the left of b
a is greater than b a>b a lies to the right of b
a is less than or equal b asbh a lies to the left of b oron b
a is greater than or equal b a2b a lies to the right of bor on b

1. Classify each real number as a natural, integer,
rational , or irrational number.

@ 17.312 This decimal number terminates. So the repeating
sequence of digits is '0' and thus this number is
rational.

(b -18.101001000100001... Since there is not a pattern where a portion is

repeated, this number is irrational.
Here the pattern is 0---01 where the number of zeros
grows, so no one sequence is repeated.




c) 9127 Since 27 repeats, this number is rational.

d) 1.5765780... Since there is not a pattern where a portion is
repeated, this number is irrational.

2. State whether the given inequality is true or

false.

a -31>-3 False.
b) 2<2 True.
c) 153 2 -163 True.

3. Write the statement in terms of an inequality.

a) w is negative. w < 0. w is negative is the same as saying that
w is less than 0. You can also express this as
0> w

b) m is greater than -3. m>-=3or-3<m

¢) kis at least 6 k2 6o0r6 < k.

d) xis at most 7 and greater than -2 -2<xs1

B. When the repeating sequence is different from '0' you can convert a rational number from its
decimal representation to a fraction representation by following these steps:

1. Set x = the repeating decimal.

2. Multiply x and the decimal representation by enough powers of 10 to bring one repeating
sequence to the right of the decimal point.

3. Multiply x and the decimal representation by enough powers of 10 so that the first repeating
sequence starts immediately after the decimal point.

4. Subtract the results of Step 2 from the results of Step 1. This creates an equation of the
form integer times x = an integer.

5. Divide both sides by the coefficient and reduce.




4. Convert each repeating decimal to its fractional

representation.
a) 04578 Letx = 0.4578
The repeating sequence has 4 digits in it and no
digits before the repeating sequence. Start by
multiplying both sides by 10, 10% =10* 04578
10000 x = 4578.4578 .
1x=_ 04578 Subtract
9999 x = 4578 Divide.
_4578 _ 1526
*=9999 = 3333°
. . ==o . 1520
So the fraction representation of 0.4578 is 333"
b) 3123 Letx = 3.123

The repeating sequence has 1 digit in it and there
are 2 digits before the repeating sequence starts,

so we multiply both sides by 10°: 1000 x = 31233

Next we need to multiple both sides by 10210
bring the 2 non-repeating digits to the other side of
the decimal point: 100 x= 3123

Thus we get:
1000 x = 31233
100x = 3123 Subtract
900 x = 2811 Divide.
2811937
X= 000 = 300°
. . . 931
So the fraction representation of 3.123 is 300°

C. The basic properties used in combining real numbers are:

Commutative Laws a+b =b+a ab = ba
Associative Laws @+b)y+c =a+(b+c) (ab)c = a(bc)
Distributive Law a(b+c)=ab +ac
We use the following properties to handle negatives:
(-Da = -a —(-a) = a (=a)b = a(-b) = —~ab)
(-a)(=b) = ab ~a+b) = -a-b —(a-b)=b-a




These properties are used to deal with quotients:

S IR

a ¢ _ac ac_a
b'd” bd b d b
g+g_=ad+bc ac _a
b d bd bc ~ b
a_=¢ -
Ifb-d,thcnad-bc.

a+b

S

&|e

c
_4
b

S|d &

5. Use the properties of real numbers to write the
given expression without parentheses.

a) 43+m)-24+3m)

b) (2a +3)5a-2b +¢)

4B3+m)-2(4+3m)= 12+4m-8-6m
=4-2m

Remember to properly distribute the -2 over
(4 +3m).

(2a +3)(5a-2b + ¢)
=(2a +3)5a + (2a + 3)(-2b) + (2a +3)c
=10a%+15a-4ab - 6b + 2ac + 3¢

D. A set is a collection of objects, or elements. A capital letter is usually used to denote sets and
lower case letters to represent the elements of the set. There are two main ways to write a set.
We can list all the elements of the set enclosed in { }, brackets, or list a few elements and then
use ... to represent that the set continues in the same pattern. Or we can use set builder notation,
“{x | x has property P}". This is read as "the set of x such that x has the property P ". The two key
binary operations for sets are called union and intersection. The union of two sets is the set that
consists of the elements that are in either set. The intersection of two sets is the set that consists
of the elements in both sets. The empty set, &, is a set that contains no elements. Intervals are

sets of real numbers that correspond geometrically to line segments. Study the table on page 16
and note the differences between the symbols ( and [ as well as the symbols ) and ].

6. LetA=(24,6,8,10,12},B=(36,9, 12},
andC={1,3,5,709 11}.

a) FindAuB AuC,andBuUC

b) FindAnB,AnC,andB n C

AuB={27344389,10, 12}
AuC={1,234,5,6,728,9,10,11, 12}
BuC={1,35,6,109,11l, 12}

An B={6,12)
AnC=0
Bn C=(3,9)



7. LetA={xlx<8},B={xI13Sx<7},and
C={xlI5<x}.

a) FindAUB,AuUC,andBuC AUB={xlx<8)

AUC={xl-o<x<=}=R

BuC=(x13<sx}

b) FindAn B,AnC,andB N C. ANB={x138x<7)

ANnC={xI5<x<8)
BNC={x15<x<17)

8. LetT=(3,06),V=[24),andW=(®,6].
a) FindTu V,Tu W,and V UW. Graph
your results.

| For unions, the solution consists of the numbers
| that are in either set. So drawing each set on a
| number line, we have:

| TUV =G,6 U [2,4) =(2,6)

0123456708

| TuW =36V 46=(@3,6]

012345678

Note: The only difference between T U W and T is
that T U W contains the point 6.

I VU W ={2,4)uU 4,6]

012232458678

Note: This is as far as we can go. The sets V and W
do not have any elements in common.

{ See V N W on the next page



b) FindTn V,Tn W,and VN W. Graph
your results.

For intersections, the solution consists of the
numbers that are in both intervals.

TAV =3,60n1[2,4) =3, 4

0123456178

TAW=@3,6n(4,6] =(4,6)

01234586178

VAW=0 ¢

D. The absolute value of a number a is the distance from the number a to 0. Remember absolute

value is always positive or zero. It is also defined as lal =

10.

Find each absolute value.
a kI

b) 18]

0 In-5i

o Wi-il

Find the distance between each pair of numbers.
a) 4and 10

b) Sand-3

¢) -2and-9

a, ifa20
-a, ifa<0

IR-5l=~«x-5)=5-x,sincern-5<0.

t Wio-3l=v10 -3

Because \,T(;> \/; =3,
1 Vi0-3>0

{ 4-1d = |-6| = 6
| Remember to do the work on the inside of the
| absolute value bars first!

{5-31 =18 =8

2= (9 =M=7



Section 1.2  Exponents and Radicals

Key Ideas

moaw»

Key exponent definitions and rules.

Scientific notation.

Square roots and nth roots.

Rational Exponents.

Rationalizing the denominator.

A. The key exponent definitions are:

a*=aaa - -a
[ —

n factors of a

0

a=1,a#0

a"‘=i a#0

a

In addition to the exponent definitions, the following key exponent laws should be mastered.

dnan = am +n

(ab)" = a"b"

a’”

& 5.0

=g"" ", az0

(am)" = g™

S GRI6}

1.  Simplify.

a) P

b) wiZy®

d x)

e (m)’

PUSET ALY

8
- ]
F=yBey =3
y y
8 1 |
°f1|?= 15-8 = 7
y y y

5x)} = 5% = 125¢

) =m7 = m?




2 2 s1_ .2 1
oo L .L
779372

A. Shortcut: In problems like 1c and 1f above, compare the exponents in the numerator and
denominator. If the exponent in the numerator is larger, we simplify the expression by bringing
the factor up into the numerator. If the exponent in the denominator is larger, we simplify the
expression by bringing the factor down into the denominator.

1 A Since both 27 and 9 are powers of 3, first express
2. Simplify “3 each number as a power of 3.
¢y $#3 7 11

95 (32)5 32 [ 310 3!0-9 = 3
3. simplify QxyY)3:H)° YA (2x7y">[3 (9)‘(?)‘1
= Y342
= (2)(81)(x B)yH?)
= l62x'5 17

st (3) 5 e -H

x_gx

w(%)( )

= yl‘l 23
S. Eliminate negative exponents and simplify.
34 3’
3a’b e R
a) T 2™b
= Sb-3

“w 0

g“lg’ [ S ¥ le



Method 1: First distribute the -3, then simplify.

3443
b) (———4‘” {; L N S I AL A
2 2W2'V5 - TSWZ(-S)VS(-” - 2_3W-6V-15
= 96-(3),9-(6),12- -19)

iy R
=W 2w T 8w’

Method 2: Simplify inside the parentheses, then
distribute the -3.

34y 3 3 3
(%‘3;’7 =@ 4 = (2m?)

= 2'3 w3y I3z 3,32

In addition, other strategies could have been used to
solve this problem.

(i) §39,10,20
(Fnitd) ~ O TOP®

59m2|nﬁ _ 59m2|-(-8)
3l6m-8n|-2- = 3|6n12-6

3
9 (53m7n2 ) :
(i)

'm®
36,6

B. Scientific notation is used to express very large or very small numbers in a more convenient way.
The goal is to express the positive number x in the form a x 10", where | <a< 10 and n is an
integer.

6. Write the following numbers in scientific |

notation.
)  23,500,000,000 1 235x 109
b) 0.000000000067 6.7x 107!

mn



7. Ifa=41x107,b~197x 10° and
c =324 x 107 find the quotient 2

b

a 41x% 107
be T (197 x 10%)(3.24x 107)

41 7-9-(=3)
= 109G < 10

= 064 x 1073

= 64 x 1071

Notice that the answer is stated to two significant
digits because the least accurate of the numbers has
two significant digits.

C. The radical symbol, \/— means "“the positive square root of ". SoVa =b means b2 = a where

b 20. The key rules are:

Va? =ldl
Ifa20andb 20, then VaVb = Vab. Ifa20andb>0,then'\/§ = %

n
‘f— =b means b" =a and b is called the nth root of a. When n is even,a 20and b 2 0. The

key rules to master are:

Vab = Va Vb

\["_317,

n a ifnisodd

lal if nis even

8. Simplify the following expressions.

a) ‘j;
b VsoVs

Vst

¢ —

V6

9. Simplify.

4
a)\IS—l

5
b) V-32

Va8 = Va7 = 27

V50V8 = Vs50-8 = V400 = 20

" 6-\5-3

4 4
Va1 = V3¢ = 3

b 5
Va2 = V2 = 2

0dd roots of negative numbers are negative.

1"




3 3 K}
9 2 V32 = V25 = VB V2 = W2t =24

n m n
D. The definitions of rational exponents are: a'/* = Va and o™ = (‘/;) =V (@")

10.  Simplify.

2 8§

3 2
82’3=(\/§) =22=4

3 3
or 828 = V(8)2 = Vo4 =4

Both yield the same solution. However, most
students find the first way easier to do.

b) 9 g - (\j;)s =3 = 97

53 s
o &%) @A < B

= 2368, HS0) 9 (5B) _ 95,515

= 321’)’5

E. Radicals are eliminated from the denominators by multiplying both the numerator and
denominator by an appropriate expression. This procedure is called rationalizing the
denominator.

11. Rationalize the denominator in each of the
following expressions.

)" 1 12 1
2 \/E 2



Section 1.3  Algebraic Expressions

Key Ideas

. Polynomial.

. Operations of algebraic expressions.
. Special product formulas.
Factoring.

Special factoring formulas.
Factoring by grouping.

vOw>

AE

A. A variable is a letter that can represent any number in a given set of numbers (called the
domain). A constant represents a fixed number. Algebraic expressions using only addition,
subtraction, and multiplication are called polynomials. The general form of a polynomial of
degree n in the variable x is

g +a,_ e -|~a21:2 +a.x +a,
where ay, a,,a,,...,4a,_,,a, are constants with a, # 0. A polynomial is the sum of terms of the
form a‘ﬂ‘ (called monomials) where a, is a constant and k is a nonnegative integer.

1. Determine the degree of each polynomial.

a) 50 +3x2-6 Degree 3
b) 9y -6y +200y° Degree 7
c) -78 Degree 0
@ Vst + 32 - 3,2 Degree 4

B. Terms with the same variables raised to the same powers are called like terms. Polynomials are

added and subtracted using a process called combining like terms which utilizes the Distributive
Law.

2. Find the sum: First group like terms, then combine like terms.
6+ -2 4 1) + (F-6245x-1) (58 +3x7 =204 1) + (-6 +5x- 1)

5L+ ) +0x2 -6+ (2x+ 50 +(1-1)

S+ DL +B-6)x +(-2+5x

= 6x3-3x2+ 3



3. Find the difference: First, group like terms, then combine like terms.
AP-245) - 2P -62+9%-6) 8- +5) - @°-6x*+9x-6)

= (12-20) + [ - (6xD)] + (9%) + [ - (-6)]
=520 +5c2-9x + 11

B. The product of two polynomials is found by repeated use of the Distributive Law.

4. Find the product: (x2-dxy+2y}) (x + 4y) Start by treating the first expression as a single
number and distribute each term over (x + 4y).

(x2 -4xy + 2y2) (x+4y)

= (x2- 4xy + 2y x + (x2-dxy + 2y} 4y
Now distribute x over (x* - 4xy +2 yz) and
distribute 4y over (x* - 4xy + 2)P).

= 13-4.:2)' + 2xy2 + 4x2y- 16er2 + 8y3

= £-14x? +8y°
. 4
5. Find the product: Vi - T (x +‘/;) Use the same methods used for multiplying
x polynomials.

(4:- %} (:4V3)

iﬁ- @x ; (v;- 3—;)«:

& ox
=xx-\l;+‘1;\l_—\/;

xx-£+x—4
Vx

x‘j;-4\/; +x -4



C. The following products frequently occur. It is advisable to learn each by name and learn to
recognize them.

Formula Name
(@a-b)a+b) = at - b? Difference of Squares
(a+ b)2 = a® + 2ab + b* Perfect Square
(a- b)2 = a*-2ab + b? Perfect Square
(a+ b)3 = a3 +3a%b + 3ab® + b° Perfect Cube
(a- b)3 = @ -3a%b + 3ab* - b° Perfect Cube

The operation of multiplying algebraic expressions is referred to as expanding.

6. Use the special product formulas to find the

following products:
a (x-2 3)2 Perfect square:
Gx-2y%)? = Gx)2-2002)) + (2p)?
= 9x2-12x° + 4y®
b) (w2 +2w )3 Perfect cube:

(w2+2w)3
wd? + 3wd¥2w) + 3(wdew)? + 2w)

we + 6w’ + 12w + 8W

o (g5 Eﬁf}jff ARONE

n
=t
|
R 3 Ll



D. Factoring is the process of writing an algebraic expression (a sum) as a product of simpler ones.
Factoring is one of the most important tools in algebra. Factoring is the opposite operation of
expanding. The simplest factoring occurs when each term has a common factor. To factor a
quadratic polynomial, a second-degree polynomial of the form 2% + bx + ¢, we first observe that
x+n(x+s)= 2+ (r+s)x+rs,sothat (r+s)=>bandrs=c. If cis negative, then r and s
have different signs and we look for a difference of b. If c is positive, then r and s have the same
sign as b, either both negative or both positive, and we look for r and s to sum to b.

7. Factor each polynomial.
2) 6 -u’+&d Since the greatest common factor (gcf) of 6, -2,

and 8 is 2 and the gcf of x* 1" and o8 isx?,

et -u+8:% = 2440 - P+t

b) 4 - 165w + 2854 The gof of 4, =16, and 28 is 4; the gcf of x2,
©, and £ is x?; and the gef of w, w?, and wPis
W,
&2 - 160w + 28250
= &1 - 4w + 1)

0 £-12x+20 Since ¢ is positive and b is negative, r and s are
both negative factors of 20 and their sum is 12.
factors 1-20 2:10 4.5
corresponding
sum 2l 12 9
Therefore, taking r = -2 and s = -10, we get the
factorization:

P-12x+20 = (x-2)(x - 10)

d A+6x-16 Since c is negative, r and s have different signs
and we look for a difference of 6.
factors 116 2.8 4.4
corresponding
difference 15 6 0

Since b is positive, the larger factor is positive, so
taking r = 8 and s = -2, we get the factorization:

Parbx~16=(x +8)(x -2)



D. To factor a general quadratic of the form ax? + bx + ¢, we look for factors of the form
pr+randqx+s,s0ax’ + bx+c = (px +r)(gx +5) = pgx* + (ps + qr)x + rs
Therefore, we must find numbers p, g, r, and s such that pg = a; ps +qr=>b; andrs=c. Ifais
positive, then p and q are positive and the signs of r and s are determined as before by the sign of
b and c. If a is negative, first factor out -1.

8. Factor 3x2-Tx +2 Since ¢ is positive and b is negative, r and s are
both negative.
factors of a 1-3 1-3
factors of ¢ 12 2-1
corresponding
sums 1+6=7 2+3=5

Sincel1-1+3:-2 = 7, the 1's must go into
different factors and the 3 and 2 must go into
different factors. And we get the factorization:

W-Tx+2=(x-2)(3x-1)

E. Formulas 1-3 are used to factor special quadratics, while formulas 4 and 5 are used on the sum or
difference of cubes (third degree polynomials).

Formula Name
L. at-b* = (a-b)a+b) Difference of Squares
2. a +2ab + bt = (a+ b)2 Prefect Square
3. a*-2b+b = (a-b) Prefect Square
4  a-b = (a-b)a®+ab+b?) Difference of Cubes
5. a+b3 = (a+b)a®-ab+bd Sum of Cubes

Notice that formulas 1, 4, and 5 have only two terms while formulas 2 and 3 have three terms
each. When factoring a quadratic with three terms and the first and third terms are perfect
squares, check the middle term to see if it is 2ab, if so, then it is a perfect square. Also notice
this is almost the same table that appeared earlier in the section. In this version of the table the
sums are listed first followed by the product equivalent. In many cases, factoring techniques are
combined with the special factoring formulas.

9. Factor.

a) £-8x+16 Since x2 and 16 are perfect squares, we check the
middle term and find that it fits the form:

2first Jlast), that is, -8x =-2(x)(4). So:
28 +16 = (x-4)?



b) 54-64

¢ W+l2x+d

d &’-64

10. Factor.
2 &*'-242+184

b) u-27

Since this quadratic is the difference of two terms,
which are both perfect squares, we have

52 -64 = (5x - 8)(5x +8)

Again, since 9x* and 4 are perfect squares, we
check the middle term and find:
12x = 2(3x)(2). Factoring, we get:

%24+ 12x+4 = (3x+2)?

Here we have the difference of two terms, which
are both perfect cubes. Using the difference of
cubes, we get:

8-64 = (29 - (4)?
= Qx-9[20 + 204 + @]
= (2x-4)(4x +8x + 16)
Note (42 + 8x + 16) does not factor any further.

First factor out the common factor of 2x2

8t~ 2405 + 1822 = 22Wx?- 12x+9)

Then factor the second factor (which is a perfect
square). So

8- 243 +18:22 = 242 - 3)?

First factor out the common factor 3, then notice
that this is the difference of two terms:

u2-27 = 3(x2-9) = 3(x=~ Y(x+3)



F. Polynomials with four terms can sometimes be factored by grouping the terms into groups of 1 and

3 terms, or 2 and 2 terms, or 3 and 1 terms.

11. Factor S+t + %44

12. Factor x*- #+6x-9.

First group into groups of two, then factor out the
common factor.

Seuteunl+d

(x6 + Zx“) + (2::2 +4)
A2 +2) + 22 +2)
x*+ 22 +2)

Remember, the sum of squares does not factor.

Grouping into groups of two terms each yields no

common factor. However, if we group P +6x-9
together and factor out a (-1) we get:

A-drer-9 = xt+ (P +6x-9)
=xt-(x2-6x+9)
= x*-(x-3)?
= (P-x-3)(P+x-3)
= (xz-x+3)(x2+ x-3)



Section 1.4  Fractional Expressions

Key Ideas

mEoaEy>

Rational expressions, simplifying fractions.
Multiplying fractions.

Dividing fractions.

Adding fractions.

Handling compound fractional expressions.
Rationalizing the denominator.

A. A quotient of two algebraic expressions is called a fractional expression. We deal only with

values of the variables that do not make the denominator zero. Rational expressions are
fractional expressions where the numerator and denominator are both polynomials. We simplify
fractional expressions in the same way we simplify common fractions: First factor and then
cancel common factors.

2
o xi42-3 2eu-3  (x+3x-1)
1. Simplify 21 2.1 = (x+D(x-1) factor
x+3
=i+l cancel
a-c . : : .
. The rule % : 5 =4 is used to multiply two fractional expressions. However, before

multiplying the numerator and denominator, first factor each and simplify by removing common
factors, then multiply.

2. Multiol x2-2%+1 .x2+4x +4 Factor, cancel common factors.
: PY"2_4  Pex-2 22+l Padred
-4 +x=2
_ (x=-Dx=1) (x+2)(x+2)
= Gr(x-2) (xe2x-1) actor
x-1
= — cancel

[ 5]

X -



ad . . . : : :
C. Therule 2+ = = = 2.2 = == s used to divide two fractional expressions. This rule is
b d ¢ bc b
d
commonly referred to as "invert and multiply".
3. Divide LX=8 , 29 2ox6 _£-9
' xvd T Paiiog x+d T P-4
_xt-x-6 xl+3-4 invert &
= x+4 -9 multiply
_(x=3)(x+2) (x+4)(x-1)
=T (ed) (x-3)xe3)  foetor
o x4 D(x-1) cancel
x+3
2
x“+x-2 A
=243 simplify
4 Divige L=zl -0r+8 £-T-8c  P-0r+8
' P-u-15 7 £-%2+20x P-2-15 ~ ©£-92+20x

_0-Tl-8 2’-9x+20x invert&
T P2-%-15 #-9r+8  multiply

_xr+ D(x=8) xx-4)(x - 5)

- (x=5)(x+3) (x-8)(x-1) factor
2
e l)a-4)
T ox+3)x-1) cancel
-3 -4x?

= Zem-3 simplify

D. Just as in the addition of two rational numbers, two fractional expressions must first have a

common denominator before they can be added. Then use% + % = g_;;-_c.
S. Combine and simplify.
2 ;3—4»,;}3 Since 4 - r=~x-4)and 5 = -3
2 k2 X
x-41 42 Tx-4t S-9
R I
T x-4" x-4
2-3x

x-4



3

2
) G-3x+2) F Grx+2)

2

1

) s

* PeSx+6

The LCD (least common denominator) of x + 3
andx +5 is(x +3)(x +95)

2 X2 (x+9) x (x+3)
43T 315 TG x+S) T x5 (x43)
x40 PRX):
“x+Nx+S) Y x+3)x+9)
_ 245r+10
T (x+3)(x+9)

Notice that the numerator is multiplied and
simplified while the denominator is left factored.

The LCD of (x - 3)(x + 2) and (x + 3)(x + 2)

is(x=3)(x+3)(x+2). So
2 3

x-3)x+2) ¥ (x+3)x+2)

) 2 (x+3) 3 (x-3)
2 a-)x+)x+3) T G+ )+ (x-3)
) %+6 -9

= G-3)x+Nx+D) TN+ +2)
) -3

= x-3)x+3)x+2)

Start by factoring each denominator, then find the
LCD.
Prax+4=(x+2(x+2)
P+5x+6= (x+2)(x+3)
So the LCD is (x + 2)(x + 2)(x + 3).
-2 1

Pedx+d * 2+5x+6
2 i
=@+t G2+

_ 2 (x+3) 1 (x+2)
S+ +3) T (x+2(x+3) (x+2)
_ 2x-6 x+2
T+ Y e G E DG+
_ -x-4

T (x+D(x+2)(x+3)




E. To simplify a compound fractional expression, first get a single term in the numerator and a single
term denominator, then divide.
Y X
+1 +1 (x)

()G -6)0)

X

x_x __x
2 = 2 2
xy

2-&-1
X

6. Simplify

r_ )
y «x

< = = =
= e

"
~

X

xy

r-y
xy

-

2 2

Y+ X X =Yy
= +
x xy
(x+Yy) xy

x (xz_yz)
_ . (x+y) xy
T ox (x-y)x+y)

-

x-y

= |
=
+
P—
» —

7. Simplify

|
|
=

=
|
o
=
I
—
L]
|
=t
[
—

g

x2+x+l xz-x-2

x+l) T ox-1

_x2+x+l (x-1)

Toax+ ) (F-x-2)
o 2-1

= xx+ DXx-2)




F. Radicals are eliminated from the denominators by multiplying both the numerator and
denominator by an appropriate expression. This procedure is called rationalizing the
denominator. Take advantage of the difference of squares, (a - b) (@ + b) = a* - b* to clear
the denominator when it is a sum or difference of radicals. The factors (a — b) and (a + b) are
conjugates of each other.

8. Rationalize the denominator in each of the
following expressions. '
3 We take advantage of the difference of squares
142 formula to rationalize the denominator.

3 __ 3 (“‘E)
-2 (1242) (1442)

a)

]

|
w

[
w
Nl

n 22 GG (5-13)
Vs s Va3 (V5443) (V5-3)

Vis-3
5-3

w

7]

3

N

9. Rationalize the numerator. Again, we take advantage of the difference of
\/— \/- squares formula.
- Vx
7

Gy Vi-Vr e
T s
_ I-x
-7(\54-\[;)

- J-x
7 3+7‘C




Section 1.5 Equations

Key Ideas
A. Solving linear equations.

Completing the square.
Quadratic formula.
Other equations.
Equations with radicals.

AETOw

Quadratic equations and the Zero Factor Property.

A. A linear equation is a first degree equation. To solve an equation means to find all solutions
(roots) of the equation. Two equations are equivalent if they have exactly the same solutions.
You go between equivalent equations by using the two Properties of Equality:

1. You can add or subtract the same quantity to both sides of the equation.
2. You can multiply or divide both sides of the equation by the same nonzero quantity.

Remember to always check each solution in the original equation. Rational equations can be
transformed to an equivalent linear equation by multiplying both sides by the LCD (provided that
the LCD is not zero). This process can introduce extraneous solutions, so it is extremely
important to check all solutions in the original equation.

1. Solve.
a x-9=0

b) x+7 = x-1

w
+
(=)}

N -
[= N Lo

%-9=0
=9 add 9
x=13 divide by 3
Check: 3(3)-9 2 0
9-9=0 V
x+7 = x-1
4x = -§ subtract 7
x= -2 divide by 4
l,
Check: 5(-2) +7= (-2)-1
1047 23
3=-3 Y

('2%6 + %) 6x = (é) 6x Multiply by LCD

() ()

+12+4%x=x = Tx+12 =x =

6 = -12 = y=-2
Lo A=2)+6 1 21
Check: 252242 25
2190, 2,310 1.1
$t2%6 “6%6 -6 — 6-6



- La

d) x-%

Start by multiplying both sides of the equation by
the LCD of both sides, in this case 6.

2 X .
(x —5) 6 = (3) 6 multiply by 6

k-4 = x distributive property
-4 = -5y subtract 6x
g =x divide by -5
()
4\ 29\

Check: (5)-—3 = %

2 1024

57 15°%

2 7 4

50 7

B. Quadratic equations are second-degree equations. Quadratic equations can be solved by first
getting one side equal to zero and factoring the quadratic equation. Then use the zero factor
property: ab =0 if and only if a =0 or b = 0. Refer back to Section 1.4 for a review of

factoring.

2. Solve the equation 243 42=0

3. Solve the equation 2e12=N

4. Solve the equation
A=2+3

P+ +2=0

(x+1)Xx+2)=0 factor;

x+1=0 o x+2=0 set each factor = 0;
x=-] =-~2 solve

Check:

12 +3-1)+2=1-3+2=0 V
<22 +3(-2)+2=4-64+2=0 V

2e12=Tx
2-Tx+12=0 set = 0;
(x=3)(x-4)=0 factor;
x-3=0 o x-4=0 set each factor = 0;
x=3 x=4 solve
Check:

2 ? 2 ?
3 +12 = 7(3) @“+12 = 74)
9+12% 2 ¥ 16412 2 28
2= +3
2-2u-3=0 set = 0;
(x=-3)(x+1)=0 factor;
x-3=0 o x+1=0 set each factor = 0;
x=3 x=-1 solve
Check:

217 2 ?
3)=203+3 1= 2-1)+3

92643 ¥ 12 243



C. Some equations can also be solved by using the form xt= ¢, where ¢ is a constant and
¢ 2 0, and then taking the square root of both sides. So x =% Ve.
5. Solve the equation x = 9. Z=9

x =13, thatisx =3 orx = -3

Check each answer.

6. Solve the equation #-8=0. “-8 =0
Z=38
x= i\’— = ﬂ‘/;

Check each answer.

7. Solve the equation 4x2 = 24, at=2%
P=6 divide both sides by 4

Another way to solve this is:
@P=u = 2u=tV24 = 6

So, x =:t\/E.

Check each answer.

C. The goal in finding the solution to a quadratic equation by completing the square is to add the
appropriate constant to make a perfect square, (x + m)? or (x - m)?. Step one is to isolate the
terms involving the variables, xf:nd bx, on one side of the equation. Step two is to determine the
constant needed to add to both sides to complete the square. Since (x £ m)? = x* £ 2mx + m?, the

2
coefficient of the middle term, b, must equal 2m, that is, m = % b ; so add (g') to both sides.
8. Solve by completing the square. P-6x+4=0 isolate the terms with x
2-6x+4=0 P-6x =-4 on one side;

2
P-6x+9=-4+9 add(g') =32 = 940 both

(x-3)2=5 sides; simplify;
x-3= :t\/; take the sq. root of both
x=3 i‘f; sides.

Be sure to check both answers.



—bi‘]bz—4ac

D. The quadratic formula, x = 2 , gives the roots (solutions) to the quadratic

equation ax? + bx + ¢ = 0. The radical, Vb2 - dac , is called the discriminant D. When D > 0,
the quadratic equation has two real solutions. When D = 0, there is exactly one solution. And
when D < 0, the quadratic equation has no real solution.

9. Solve each equation by using the quadratic

formula.
a) &l-4x-3=0 Setting a =4, b = —4, ¢ =-3 and substituting into
the quadratic formula:
e \l b* - dac
_ =4 i‘l (=4)2 - 4(4)(=3)
2(4)
) 4i\/16+4 _asVer 418
= = 8 T 3
S _i‘i&_l _4-8 -1
oxX= 8 —201’x— 8 =9
Note: This equation factors: (2x-3)(2x +1) =0.
b) W -Tx+3=0 Setting a =3, b=-7, ¢ = 3 and substituting into
the quadratic formula:
bt \/ b* - dac
_=Nt ‘}(-7) -43)(3)
203)
_ 1t \/49 % _ 1t \/_
74 \f_ 1-V13
Sox= X= "
0 42+20x+25=0 Setting a=4, b=20, ¢ =25

b+ VB —dac
%
-20) £V (20)% - 4(4)(25)

2(4)

=20+ \1400—400
8

-5
Sox-2

Since 4x%+20x+25 = (2 + 5), this solution
Checks.



32 S 2 . .
d) T2 344" 3 x-2-x+4=1 Multiply both sides by LCD;
3 2
(x+4)(x-2) -2 x+4) 1(x +4)(x-2)

x+4)-2x-2)=2P+2u -8
W+12-2+4=x2+2x -8
x+16=x2+2 -8
0=2+x-%
Settinga=1,b=1,¢c=-4

()£ V(1) - 4(1)(-24)
x= 21)

-z 1+96
B 2
12V
2
Since neither of these solutions make a

denominator zero, both solutions are valid.
You should check each solution.

E. Higher degree equations are solved by setting everything equal to zero and factoring. When the
variables are all raised to even powers, then the substitution w = x2 can be used.

10.  Find all roots of the equation x°-4x = 5x £-4x* = 5x Set = 0;
P-42-5r =0 Factor;
xx*-4x -5) = 0 Set each factor = 0
x(x-5)x+1) =0 Solve;
x=0 o x-5=0 o x+1=0
x=0 or x =35 or = -]

The three solutions are x =0, 5, 1. Many students
forget the lone x factor and lose the solution x = 0.
Another common mistake is to divide both sides by x
as the first step. This also loses the solution x=0.

Use the substitution w =x2,

I x*-3x2 +2 = w-3w +2

w-3w +2 =0 Factor;
w=-2)w-1)=0 Set each = 0;
w=-2=0 o w-1l= Substitute back to x
$-2=0 o 2-1=

| =2 o =1

x=tN2 o x=tl
| Four real solutions are x = 1, -l,\/_Z., -\G

11.  Find all roots of the equation x*-3x? +2 = 0.

29



F. Equations involving one radical are sclved by isolating the radical on one side and then squaring
both sides. When there is more than one radical, put a radical on either side and then square both
sides. It is very important to check your solutions to these problems. Extraneous solutions, that is
incorrect solutions, can be introduced into a problem by squaring, for example, 3 # -3 but

2 2
(3)" =(3)".
11. Find all real solutions to

‘JZx-7 -5 =x+4.

12. Find all real solutions to

‘j;-l-‘jxi-l =17

Vor-7-5 = x+4 Isolate the

\J2t-7 =x+9 Square both sides;

%A-T = #+18x+8l Simplify;

0=+16x+88 Set =0;
_=(16) £ (16)* - 4(1)(88)

x= 2(1)

=164 V25635

2
16+ V-9
- 2
Since ‘j:;6 is not a real number, there is no
solution to this equation.

‘[;-l- x+1 =17 Pu:a\l—oneach
side;
‘1_2: =T7-Vx+1 Square both sides;

(V2 = (1-Vxs1)

(2x) =49 - 14\Ix+1 +(x+1)
£-50 = —14Vx+ 1 Isolate the \| ;
(x- 50)2 = (—14 ‘J X+ l)2 Square both sides;

X - 100x + 2500 = 196(x + 1)
22 - 100x + 2500 = 196x + 196

¥ -296x +2304 = 0
(x-288)(x-8)=0
x-288=0 x-8=0
x=288 x=8

Check x = 288 in the original equation:

V2288) + V(288) + 1 = V576 + 289
= U+17=4127
x = 288 is not a solution.

Check x = 8 in the original equation:

V2@ + V@) +1 =V16+V9

=4+3=7

So, only one solution, x = 8.



Section 1.6  Problem Solving with Linear Equations

Key Ideas

A. Guidelines for solving word problems.
B. Mixture problems.
C. Work problems.

A. The steps involved in solving a word problem are:

(1) Read the problem. (4) Relate the quantities

(2) Identify the variable. (5) Set up an equation.

(3) Express all unknown quantities in terms  (6) Solve the equation.
of the variable. (7) _Check your solutions.

1. A train leaves station A at 7 am and travels north || After reading through the problem, we find that we
to Chicago at 42 miles per hour. Two hours later, || are looking for the number of hours the first train

an express train leaves station A and travels travels.
north to Chicago at 70 miles per hour. When will || Let¢ = the hours the first train travels.
the express train overtake the slower train? Then ¢ - 2 = the hours the second train travels.

The trains will have traveled the same distance
when the express train overtakes the other train, so
compare the distance traveled by each train using
the formula D = RT.

Ist train distance = 42 ¢
2nd train distance = 70 (1 - 2)
Q¢ = 70 -2)
¢ = 70¢-140
28t = -140
t =5 hours
So the express train overtakes the slower train at
12 noon.
Check:
1* train travels 42(5) = 210 miles
2 train travels 705 - 2) = 70(3) = 210 miles. v

2, Use the distance formula D = RT. In this problem we seek the time when the
A bicyclist leaves home and pedals to school at || distance traveled by the bicyclist is equal to the
20 miles per hour. Fifteen minutes later, her distance traveled by the car
roommate leaves home and drives her car to Let ¢ = time the car drives, in hours.

school at 35 miles per hour. When will the car

| .
overtake the bicyclist? Then t + 3 =time bicyclist rides, since the

bicyclist leaves 15 minutes before the car. Using
the formula D =RT,

20 (r+i)=35:

Vt+5=35t = 5=15¢

t= %: % hours or 20 minutes.
Check:

N 7\ 0 O IS4 AN L I

Bicyclist: 20 ((3)+ 4)-20 (12)" 3 miles
1y 35

Car: 35(3) = = miles v

?1



3. Wanda has 75 coins. Some of the coins are
quarters and the rest are dimes. If the total
amount is $12.90. How many of each type of
coin does she have?

Here, we are after the number of quarters and the
number of dimes. We let the variable equal one of
the quantities.

Letx = number of quarters

75 - x = number of dimes

75 coins total

Now translate the fact that the value of the coins
adds up to $12.90.

value of . valu? of = 1290
the quarters the dimes
025x +0.10(75 - x) = 120.90

Solve for x
0.25x +7.5-0.10x = 12.90
0.15x +7.5 = 12.90
0.15x = 540

5.40
X =015 = 36
So Wanda has 36 quarters and 75 - 36 = 39 dimes.

Check:
0.25(36) + 0.10(39) = 9.00 + 3.90 = 12.90 v

B. Mixture problems are solved by relating the values of some quantity put into the mixture with the

final value of the quantity removed from the mixture. In these problems, it is helpful to draw

pictures and fill in the table shown below.
Value in

Value out

type or name

%

amount

value

4. A butcher at a supermarket has 50 pounds of
ground meat that contains 36% fat. How many
pounds of ground meat containing 15% fat must
be added to obtain a mixture that contains 22%
fat?

Let x = the number of pounds of 15% fat ground
meat added to make the mixture.

In this case, the amount of fat put into the mixture
must equal the amount of fat taken out.

Value IN Value OUT
Type: | 36% fat 15% fat 22% fat
% % 15 2
pounds bV x S0+ x
Value | 0.36(50) 0.15(x) | 0.22(50 + x)

0.36(50) + 0.15(x) = 0.22(50 + x)

36(50) + 15(x) = 22(50 + x) clear decimals,

1800 + 15x = 1100 + 22x multiply by 100
700="7x

So x = 100 pounds.

Check:

The amount of fat put into the mixture is:
0.36(50) + 0.15(100) = 18 + 15 = 33 pounds
The amount of fat in the final product is:
0.22(50 + 100) = 0.22(150) = 33 pounds vV



A winery makes a variety wine that, according to
the label, contains 95% Cabemet grape juice.
Due to a valve error, too much Zinfandel juice is
added to the blend. As a result, the winery ends
up with 1500 gallons of wine that now contains
93% Cabernet juice. In order to make the most
Cabernet, they plan to remove a portion of the
93% blend and add 500 gallons of 100% pure
Cabemet so as to reach 95% Cabernet juice.
How many gallons do they do they need to
remove and replace with pure Cabernet juices?

Let x = gallons of 93% Cabernet blend that is
removed.

Then 1500 - x is the gallons of the 93% blend that
remains.

When 500 gallons is added, the resulting blend
will have 2000 - x gallons.

Value IN Value OUT
Type| Old blend Pure Resulting
Cabernet blend
% 93% 100% 95%
gallons | 1500- x 500 2000 - x
Value [0.93(1500- x)  1(500)  0.95(2000 - x

0.93(1500 - x) + 500 = 0.95(2000 - x)
93(1500 - x) + 50000 = 95(2000 - x)
139500 - 93x + 50000 = 190000 - 95x
189500 -93x = 190000 - 95x

2% =500

So x = 250 gallons.

Check:

If 250 gallons of the 93% blend is removed, we
will have 1250 gallons left, to which 500 gallons
of 100% juice is added. The result will be 1750
gallons of wine. The gallons of Cabemet juice put
into the blend is:

0.93(1250) + 1.00(500) = 1162.5 + 500 = 1662.5
gallons

The gallons of Cabemnet juice in the final blend is:
0.95(1750) = 1662.5 gallons v

C. Work problems are usually solved by determining the rate, which is job completed per unit of time,

or

ob_
time

From past experience, Alexandra can wash a car
in 25 minutes, while it takes Raymonde 35
minutes to wash a car by hand. How long would
it take if they worked together?

Let r = amount of time (in minutes) it takes
Alexandra and Raymonde to wash a car
when they work together.

Each minute, Alexandra washes % of the car and
Raymonde washes % of the car, and when they

work together '1" of the car is washed. So,
1 1 1

% *% = Multiply by LCD: 175t
1 1Y) _ 1

175:(5 +35) -l75t(t)

Tt+5 =175

12¢ =175

So t = 14,583 minutes.



7.

When Richard helps Theresa prepare food for a
banquet, it takes 4 hours. When Theresa
prepares the same amount of food by herself, it
takes 7 hours. How long would it take Richard to
prepare the food by himself?

The new copier at the duplicating center can
make 100 copies in 4 minutes while the older
copier can make 100 copies in 6 minutes. How
long will it take for the two copiers to make 2000
copies if they are both working at the same time?

Let ¢ = the number of hours it takes Richard to
prepare the food himself.

Then in one hour, Theresa can do %of the job and

Richard can do 1; of the job., and when they work

1
together 2 of the job is completed in one hour.

So,

1. 1_1

7174

B .1.+ ]_ = 28¢ .!. Multtply by
7 t) " 4 LCD: 28t

4+28 =Tt

28 = 3t

Sot= 23§ hours or 9 hours and 20 minutes.

Let t = the number of minutes it takes the copiers
to make the copies if they are both
working.

Then each minute, the newer machine can make

% copies, the older machine !%Q copies, and

together %T.OO copies. So,

100 100 _ 2000 Multiply both sides
4t T by LCD: 12t
300¢ + 200¢ = 24000

500¢ = 24000

24000 .
Sot = 500 48 minutes.



10.

Sue Lin can wash a stack of dishes in % the time

it takes Hui to wash the same stack. When they
work together, it takes 12 minutes to was the
stack of dishes. How long does it take each
person to wash the stack of dishes?

A tug tows a barge 24 miles up a river at 10
miles per hours and returns down the river at 12

. o 1
miles per hour. The entire trip took 55 hours.
What is the rate of the river's current?

Let m = the minutes it takes Hui to wash the
stack.

2 . .

§m = the time it takes Sue Lin to wash the stack.
) 1

Then each minute, Hui washes ; of the stack,

: A 3
Sue Lin washes zm = om of the stack, and
3

together L of the stack is washed. So

12
1,31
m  2m” 12
1 3\ _ 1 Multiply by
'Zm(m + 2m) = ‘2'”(12) LCD: I2m.
0=12+18=m Simplify.

Hui takes 30 minutes.

Sue Lin takes %m = %(30) = 20 minutes

Let r = the rate of the river's current.
Then 10 - r is the true rate up river and 12 + ris
the true rate down river. Use the distance formula

and D = RT and solve for time, T = RQ .

. . A . )
Time up river: Tr , time down river:

12+r°
% %1 .
0-r*t12+r°- 2 Multiply by LCD.

% A
2(10- r)(12 + ')(10- rf12+ r)

=2(10-r)(12 + r)(‘lzl)

48(12+r) + 48(10-r) = 11(10-r)(12 + )
576 + 48r + 480 - 48r = 11(120 - 2r - )
1056 = 1320-22r-11r?
0 =-11r2-22r+264 = -11(r*+ 2r - 2474
= -l1(r-4)r+6)
r-4=0 or r+6=0
r=4 r=-6

r = -6 does not make sense since it requires the
river to flow backwards.

Check r = 4: Up river rate is 10 - 4 = 6, so the
trip up river took %4 = 4 hours, while the down river
was at 12 + 4 = 16 and this portion of the trip took

% hours or 1 % hours.
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Section 1.7  Inequalities

Key Ideas

A. Rules for manipulating inequalities.
B. Simultaneous inequalities.

C. Products and quotients.

D. Solving nonlinear inequalities.

E. Properties of absolute value.

A. Inequalities are statements involving the symbols <, >, <, 2. These rules should be mastered to
the point that you know what rule to use and when and how to use it.

Inequalities Rules Verbal
. Ifasb,thena+c Sh+c. Add/subtract same value from both sides.
2. Ifa<b andc> 0, thenac < be. Multiplying by a positive maintains the sign.
3. Ifa<b andc <0, thenac 2 bc. Multiplying by a negative REVERSES the sign.
1 .1 Taking reciprocal of both sides of an inequality
4. If0<a < b, then a 2 b of positive numbers REVERSES the sign.
5. Ifasbandc <d,then a+c Sb+d. Inequalities add
1.  Solve and graph the solution on the number line || 4x -5<3
below. 4x < 8 Add 5 t0 both sides.
4x -5<3 x<2 Divide both sides by 4.
: = : : : | L L >
012345678 012346678

2, ::ll:;and graph the solution on the number line -%x +73 20 Add .% % 1o both sides.
1
—3x+722x T722x+ %x Simplify.
72%x Mudtiply both sides by";'.
32x
| | S U W W N I | = » L1 1 J';: : |L4:
NESRRRRY ST
3. Solve and graph the solution on the number line §| -8x < 2x - 15 Subtract 2x from
below. -10x < -15 both sides.
-8x < 2u-15 15 Divide both sides by -10.
x> REVERSE the inequality.
.
+—— > O
012345678 012345678

2R



B. Simultaneous inequalities use the same rules as simple inequalities. Whichever inequality rule
you apply to one of the inequality expressions, you must apply to each of the other expressions.
Simultaneous inequalities are also usually expressed in increasing order.

4. Solve the inequality 3 < 2x-7<8, 3<2x-7<8 Add7.
10€2x < 15 +by2.
5<x< ]—;'
5. Solve the inequality -7 <2 - 3x < 11. T<2-3x <11 Subtract2.
+by=3,
9<-3x <9 REVERSE the inequalities.
3I>x>-3
-3<x<3 Write in increasing order.
6. Solve the inequality 19 < 15 - 4x £27. 19<15-4x <27  Subtract 15.
+by4,
4<4xs12 REVERSE the inequalities.
-1>x2-3
-3sx<-1 Write in increasing order.

C. The sign of a product or quotient is governed by the following principle:

If a product or a quotient has an even number of negative factors, then its value is positive.
If a product or a quotient has an odd number of negative factors, then its value is negative.

Since a factor can only change signs when it is 0, we first set each factor equal to 0 and
determine these points. These points determine intervals which we can check. To determine the
signs of the factors in each region we use test values, a number we choose from within each
interval.



7. Solve the inequality (x-2)(x+ 1) <0.

8.

Solve the inequality

x=-5
x+7>0'

(x-2)(x+1)<0.
x-2=0 = x=2

x+1=0 = x=-]
Interval | (=0, -1) | (-1,2) | (2, %)
Test Value -2 0 3
Signof x -2 - -
Signof x + 1 - + +
Sign of
-+t - +

Since we want the interval where the product is
negative, the solution is (-1, 2).

x%?] >0.
x-5=0 = x=35
x+7=0 = x=-1
Interval | (=0, -7)| (-7,5) | (5. )
Test Value -2 0 6

Signof x -5 - -
Signof x +7 - + +
Sign of

x5l | - |

x+7

Since we want the interval where the quotient is
positive, the solution is (~ee, =7) U (5, o).

D. These steps are used to solve inequalities that are not linear.

Move all term to one side of the inequality sign.
If the nonzero side of the inequality involves quotients, bring them to a common dominator.

2Q

NP -

Factor the nonzero side of the inequality.

List the intervals determined by the factorization.

Make a table of the signs of each factor on each interval. In the last row of the table we
determine the sign of the product (or) quotient) of these factors.

Determine the solution set from the last row of the table. Be sure to check whether the

inequality is satisfied by some or all of the endpoints of the intervals (only necessary when
< and 2 are involved).




9. Solve the inequality x2-5x+6>0.

10.  Solve the inequality % >0,

11.  Solve the inequality% Sx

2-5c+6>0 Factor.
(x=-2)(x-3)>0
x-2=0 =
x=-3=0 =

Interval | (~0,2) | (2,3) | (3, )
Test Value 0 25 4
Signof x-2| - + +
Signof x -3 - - +
Sign of
x-(x-3 * - +

Since we want the interval where the product is
positive, the solution is (-, 2) U (3, ).

=0 = x=0

Since x2 + 1> 0 for all x, this does not factor any
further.

Interval | (o0, 0) | (0, =)
Test Value -1 1
Sign of x - +
ign of x2+ 1 + +

Sign of xz?fl - +

Since we want the interval where the quotient is
positive, the solution is (0, o).

2Sx = 2-xs 0

x X

Get a common denominator; add; then factor.
9;230 - gs-xzxgsuzso
x-3=0 = x=3

x+3=0 = x=-3

x=0

lntewal (_“' —3) (—31 0) (0' 3) (3' °°)
Test Value| -5 -1 1

Sign of x - -
Signof x -3 - -
Signof x +3 - +

+ 1+
+ 4+ + |«

Sign of
G -x)3+ x) - + - +

X

Since we want the interval where the quotient is
negative, the solution is (-0, ~3) L (0, 3).
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12,

13.

Solve the inequality

Solve the inequality

x+1

X

2

X+

11
1 SL

4 3 4 3
412544 = 41 x+4 20
4x +4) Jx+1) >0
x+D(x+4)  (x+Dx+4) ©
4 +16-3x -3 x +13
GeDxed) 20 G+ Dx+d) 20
x+13=0 = x=-13
x+1 =0 = x=-1
x+4 =0 = x=-~4
Interval |(~e, —13)I(-13, -4) (-4, -1)| (-1, =)
Test Value| -20 -5 -2 0
Signof x +13 - + + +
Signof x +1 - - - +
Signof x +4 - - + +
Sign of
—x+13 | _ -
x+Dx+4) | * *

Since the inequality includes the equality we
check the endpoints of the intervals. Since

x = -13 satisfies the inequality, the solution is

["13s -4) v (-l’ °°)'

211 2-11
x+1 St x+1 150
Move all terms to one side. )

-1 x+1 xX-x-12
x+1 —“_ISO w41 S0
Get a common denominator. Simplify. Factor.
(x-4)(x+3) <0

x+1
x-4=0 = x=4
x+3=0 = x=-3
x+1 =0 = x=-1
Interval (<00, -3) [ (-3, -1)| (-1,4) | (4, )
Test Value -5 -2 0 5
Signof x -4 - - - +
Signof x +3 - + + +
Signof x +1 - - + +
Sign of
(x-4)(x+3) - + - +
x+1

Since the inequality includes the equality, we

check the endpoints of the intervals. Here both

=-3 and x = 4 satisfies the inequality, the
solution is (~o, =3] L (-1, 4].




E. The following properties of absolute value should be mastered.

L labl=lal I 2 |¢]=8 b0 a del -
If ¢ >0, then
4. Ixl = cifandonlyif x=corx=-c
5. Ixl < ¢ ifand only if -c <x<c Ixl < ¢ if and only if -c Sx<¢
6. IxI > c ifandonlyifx>corx<—c |xl 2 ¢ ifandonlyifx2corx<—c
14.  Solve |x+6]=8. x+6=8 o x+6=-8
x=2 x=-14
Check:
I2) +6l=18]=8
[(~14) + 6| =|-8| = 8
15. Solve [3x+5l< 7. B +5l< 7
-1<3x+5<1
-12<3x<2
-4<x<§

Check by looking at x values that are inside the
interval and outside the interval.

16. Solve |5-2x{2 9. I5-2x12 9
5-2x29 or 5-2x£ -9
2x24 2x<-14
x$-2 x217
=l |55l
17. S°lve|2x+l 22 1 22
Bl 5
2x +1]
3222x+1]
[2x + 1| < % Write in |- | < cform.
3 3 5 1
—2S2x+lS2 = -2521 SZ
5. 1
-4Sx < 2
H | 3 | defined at x = L
owever, | 5= | is undefined at x = -3

Therefore the solution is

3 1 1
—4Sx 54’x¢—2



Section 1.8 The Coordinate Plane

Key Ideas

moaE»

Coordinate system.

Distance Formula and Midpoint Formula
The graph of an equation and Fundamental Principle of Analytic Geometry; Intercepts.
Equation of a circle.
Symmetry of graphs.

A. The x-y coordinate system is called the rectangular coordinate system or the Cartesian
coordinate system. The plane used with this coordinate system is called the coordinate plane
or the Cartesian plane. The points are given as (x-coordinate, y-coordinate).

B. The distance between the points P,(x,, y,) and P,(x,, y,) is given by the formula

dP,P,) = \/ x,-x) +(,-y)* .

10

Find the distance between the following pairs of
points.
a) (4,7 and (5, 5).

d = -J(xz- xl)z + ()'2')'1)2

=V(G5-42+(5-7)°

:

=V (1) +(-2)?
=V1+4

i

b) (-2,3)and (1, -4).

d = V (xz_ x])z + (yz‘)'l)z

=V(1-(2) 4+ (-4 -3)?
= V9449
= Vss

¢ (-5,-1)and (7, -6).

d =\ (- 1)+ 0pmy)?

e . (%5 tE Yty
The midpoint of the line segment joining P,(x,, y,) and P,(x,, ,) is | L)

N (- 5024 ((=6) - (-1))?

=\/(12)2 +(-5)?

= V144 +25
=169 = 13



2, Which point is closer to the origin?
a) (5, 4) or (-3, -3 Distance from (5, 4) to origin is

= V(5 -0)2 + (4-0)>

=V25+16 =var

Distance from (-3, -3) to origin is
= V(3-0)2 +(-3-0)
=Vo+9 =v18 =3\2

Since V18 < V41, (=3, <3) is closer to the
origin.
b) (7, 3)or (-6, 5)? Distance from (7, 3) to origin is
= V(7-0)724+(3-0)>

= \1494»9 = ﬁ

Distance from (-6, 5) to origin is
= V(<6-0)24+(5-0)2
=Vi6+25 = Vo1

Since ‘/; < ‘[gl— , (7, 3) is closer to the origin.

3. Find the midpoint of the segment joining P, and
P

z
9 P =(1,5andP,=(3-3). 1+4(3) 5+ _ /2 2
( 2 2 )'(2 2
= (-1, 1)
b) P,=(7,-2)and P,=(5,8). (1:1 (:2113) - (1_2. §
2 ' 2 “\2’2

= (6, 3)

C. The graph of an equation is the set of all points (x, y) that satisfy the equation. The
Fundamental Principle of Analytic Geometry links Algebra and Geometry: A point (x, y) lies
on the graph of an equation if and only if its coordinates satisfy the equation.

Intercepts How to find them | Where they are on the graph
14
x-intercept  The x-coordinates of Set y =0 and A /
points where the graph of an solve for x -
equation intersects the x-axis. ] I\/ %
Yy
y-intercept  The y-coordinates of Setx=0and A /
points where the graph of an solve for y .
equation intersects the y-axis. / | \/ x
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4. Find the x- and y-intercepts of the given graph.

a) y=2x-3 x-intercept: set y = 0 and solve for x
0=2x-3 = 3=2x
So x= %

y-intercept: set x = 0 and solve fory -
y=20)-3= -3
So y=-3.

b) & - 4x-2xy= y+$5 x -intercept: sety = 0 and solve for x
x2-4x - 2x(0)=0 +5
x2odx - 5=(x-50x + 1)=0
So the x-intercepts are x = 5 and x =-1.

y-intercept: set x = 0 and solve for y
0?2 - 40)-20)y=y + 5
ThusO=y +5.

So the y-intercept is y = -5.

S. Make a table and sketch the graph of the Start by solving 2x + y =5 for y.
equation. Find the x- and y-intercepts of the y=-2x +5, now put in different values for x and
graphof 2x + y =5. find the corresponding y value.

y-intercept:

x = 0 then 2(0) + y = 5. So the y-intercept is
y=3

x-intercept:

y=0 the2x+0 = 5. So the x-intercept is x = g

X y (x,y) Now plot these
219 (-2,9) points.

-1 17 -1,7

0 5 0, 5)

1 3 (1,3

2 1 210

3 -1 |G, -]




6. Make a table and sketch the graph of the

equation. Find the x- and y-intercepts of the
graphof x= 2y2 -1

y-intercept:
x =0 then0=2y%-1 =

Y= 1
=3.
So the y -intercepts are y= %

x-intercept:

y=0 the x=2(0)-1 = - 1. So the x-intercept
isx= -1

Since the equation is already solved for x, place in

values for y and find the corresponding x value.
Make a list.

y tx (Y Now plot these
2 |7 |@1,-2) Dpoints, if you
411 |,-1) can

0 |4 |¢L0

1 | (A )]

2 17 13,2

3

17 1 (17,3)

D. The general equation of a circle with radius r and centered at (h, k) is: (x = h)? + (y -k)* =r2.
When the center is the origin, (0, 0), this equation becomes P y? = .

1.

Determine the graph of X2+ y* =49,

Find an equation of the circle with radius 8 units
centered at (2, -4).

Determine the center and the radius of the circle
givenby 2+ y*+6x -4y -68=0.

Write as x + =72
We see that this is the equation of a circle of
radius 7 centered at the origin.

Placingzh =2, k=-4,and r=8,
(x-2’ +(y-(4)}= 87
(x-2)2 Hy+4)*= 64

Group terms by variable; complete the square.
Py ebr-4y-68=0

2 +6x +__+Yy 2-4)'-1-_ = 68
Prbr+9+ydy+d4=68+9+4
(x+3)2Hy-2)%= 81=92

Center is at (-3, 2); radius is 9 units.
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E. Symmetry is an important tool that can be used in graphing equations.

(1) A curve is symmetric with respect to the x-axis if its equation is unchanged when y is
replaced by -y.

(2) A curve is symmetric with respect to the y-axis if its equation is unchanged when x is
replaced by -x.

(3) A curve is symmetric with respect to the origin if its equation is unchanged when x is
replaced by —x and y is replaced by -y.

10. Determine which kind of symmetry the equation || Check each type of symmctry.
x- y2 = 6 has. "with respect to the x -axis"
Yes, since x - (-y) =x- y =6

"with respect to the y-axis",
No, (-x) - y =-x - yzatx - y2

"with respect to the origin",
No, (%) - ()% =—x-y%x - y

11, Test thc equation for symmetry. Check each type of symmetry.
2+ y -6y =2. "with respect to the x-axis"
No, since

P+p-6(y) = P+y 46y # x2+y -6y

"with respect to the y-axis", Y
Yes, (-x) +y —6y = x? +y -6y =2

"with respect to the origin",
No,
P+ ) -6 =2+ Y +6y 2 P+ )P -6y

12, Test the equatlon for symmetry. Check each type of symmetry.
g 3y =6. “with respect to the x-ax:s

Yes, since x* + 3(= y) =X +3y =6

“with respect to the y axis", A
Yes, 0% +3y2 =x*+3y2 = 6

"with respect to the ongm ;
Yes, (-0* +3(—y) =X +3y =6



Section 1.9 Graphing Calculators and Computers

Key Ideas

A. Viewing rectangles and the domain and range.
B. Solving equations.
C. Solving inequalities.

A. Calculators and computers graph by plotting points. Sometimes the points are connected by
straight lines, other times just the points are displayed. The viewing area of a calculator or
computer is referred to as the viewing rectangle. This is a [a, b] by [c, d] portion of the
coordinate plane. Choosing the appropriate viewing rectangle is one of the most important
aspects of using a graphing calculator. Graphing calculators and other graphing devices can only
graph equation of the form y = f(x). So in order to use these tools, we must first solve for y in
terms of x. When this leads to more than one equation, all equations must be graphed.

1. Use a graphing calculator to draw the graph of The solutions shown below are representations of

the function £(x) = ,[ 2+9 in the following what you should see on your graphing calculator.
viewing rectangles.
a) [-3,3]by[-3,3]) Only the point (0, 3) should appear.

b) [-5,5]1by[-5, 5]

) [-5,5]by[0,10]

a
\




2, Determine an appropriate viewing rectangle for

the function £(x)=N9 - 4x2. Graph f in this

rectangle.
2 2
3. Graph xz + %‘ = 1.

First find the domain of f. Since the input to the
radical must be positive we have

9-42220
9-4x2=0 =

3-2x=0

B-2)3+2x)=0
= 3=k =

X

oo 3+2x=0 = 3=k = ->=x

D IW 1w

After checking intervals, domain: [ %v%]

Range: when x= i , f(x) = 0; f is the largest

when x = 0; so the range is: [0, 3]
Viewing rectangle shown is [-2, 2] by [-1, 4]

(Other viewing rectangles that includes the

domam[ 3 3

2'2 and range [0, 3] will work.)

x2

We start by solving the equation s

= = \/—‘g— =t
Top half: y = 3\/_
Bottom half: y --3\/—-—

[-5,5]by [-4,4]

A
N

= | for

hl"n
|}

Wi ol W

U

—

|
&R,




4. Graph the function £(x) = hx* - 4l using a graphing || We graph the equation: y = abs(:x*-4).
calculator.

fa) =12 -4l [-5, 5] by [-5, 5], f(x) 20

B. To use a graphing calculator to solve an equation we can (i) set the equation equal to zero, graph
the resulting function, and find the x-intercept; or (ii) graph each side of the equation in the same
view rectangle and find the points where the graphs of the two functions intersect. TRACE and
ZOOM are used to find the solution. Solutions found using a graphing calculator are only
approximations. Exact solutions can only be confirmed by checking. Accuracy of a solution found
using a graphing device is limited by the distance between pixels (the dots on the viewing
device). Once a solution is located we can redraw the funcuon(s) in a smaller viewing rectangle
to get an more accurate approximation.

S. Solve the equation graphically.

We graph the equation y = X +32-3 inthe
2+ut-3=0

viewing rectangle [-5, 5] by [-5, 5]. The solutions
occur at the x-intercepts. Moving the cursor to the
x-intercepts, we find that x = -2.6, x = -1.4, and
x=0.9. Using the zoom-in feature we get a closer
look at the x-intercepts, we read the more accurate
approximations

x=-2.53, x=-1.35, and x = 0.88.

6. Solve » + 3=7i—2bysettingthcequation 2+ 3=x%2 = £+ 3-;—1—2':0

equal to zero.

Wethengraphy:x’-r 3- x’iz in the viewing

rectangle [-2, 2] by [-2, 2). The approximate
solution is x = -1.38.

A0



7. Solve X’ + 3= XT% by graphing each side of || We graph Y= X+ 3and y, = xTZE in the

the equation.

viewing rectangle [-2, 2] by [-2,2]. The
approximate solution is x =-1.35.

"‘\\‘_

| — Nl 'l d

C. Inequalities are solved in much the same way equalities are solved using a graphing calculator.
We can either move all terms to one side of the inequality sign or we can graph both sides of the
inequality as separate functions. In the case where we move all terms to one side, we determine
the intervals where the graph of the function is below or above the x-axis (depending of the
inequality sign). In the case where we graph both sides of the inequality we must determine the
intervals where the graph of one function is above (or below) the graph of the other function.

8. Solve the inequality 2+ut2 NP2 +4.
a) Solve by moving all terms to one side.

b) Solve by graphing both sides.

We first move all nonzero terms to one side:

L+ut-N2+420
Next we graph the equation

y=n3 + 22 - ‘Jx2+4

in the viewing rectangle [-5, 5] by [-5, 5] and see
that there is an x-intercept at about x = 1. Using
the zoom-in we find the solution is x = 0.87

The solution of the inequality consists of those
intervals on which g

the graph lies on or { J
above the x-axis.

Thus correct to two

decimal places, the
solution is [0.87, e).

We graph y'=x3+2x2and Y, = Va2 + 4 in the
viewing rectangle [-5, 5] by [-5, 5]. Since
we want y, 2 y,, we seek the interval where the
graph of y, is above the graph of y,. Again the
graphs intersect at x = 0.87.. Also since y, is never
negative, Y2 Yy when x 2 0.87. Thus the

solution is the \\T
N

interval [0.87, o).




Section 1.10 Lines

Key Ideas

A. Slope of a line.

B. Point-slope equation.

C. Slope intercept equation.

D. Other line equations.

E. Parallel and perpendicular lines.

A. Slope is an extremely important concept in mathematics. Slope is a central focus in the study of
calculus. The slope of a nonvertical line that passes through the points P (x,, y)) and P,(x,, y,) is
_ Y=Y, _rise _ changeiny
" x,-x ~ mn  changeinx
The slope of a vertical line is not defined.

1.  Find the slope of the line that passes through the

points P and 0.
a) P(1,3)and 0(-2,9) 9-3 6
me—— = —7 =22
-2-1" 3
3-9 _ -6 _
mE "3 =72
The order the points are taken is not important, but
be consistent.
b) P(2,-5)and Q(-3, 4) 4-5 9 _ 9
Mm=3.2 5775
¢) P(-7,-4)and Q(-4,-3) _3--4 1
ME4-(-7) 3
d) P(5,2) and Q(-3, 2) 2-2 0 0
M=3-5°8°
Note: % = 0is defined but -68 is not defined;
many students get these two confused, but they are
very different.
e) P(4,2)and 04, -1 -1-2 -
) 0. m:zl-_—z = -(-)3- which is undefined. So this line

has no slope (it's a vertical line).



B. The following is the point-slope form of the equation of a line that passes through the point
(xl, yl) and has slope m: y - y = mx- x]). This is a formula you should learn,

2. Find an equation of the line that passes through || Substitute into y - y = mk-x)
the point (2, -1) with slope % Sketch the line. with (x,,y,) = (2,-1) and m =

1
3

y-(h=36-2

y+1=%(x-2)

3. Find an equation of the line that passes through Substituting into y-y, = m(x -x,)
- . =2 , 2
the point (1, 4) with slope 5 - Sketch the line. |} with (xpy) = (L4 andm= 5

y-="2x-5)

-2
)'-4= 5 (X—S)

C. The following is the slope-intercept form of the equation of a line: y = mx + b. This is a special
form of the point-slope equation, where the y-intercept b is the point (0, b). Again, this is a
formula you should learn.

4. Find an equation of the line with slope -2 and Substitute into y = mx +b.
y-intercept 5. =-2x+5

5. Find an equation of the line with slope % and 4
, Substitute m =< and b=-3 into y=mx +b.
y-intercept -3. 5

Wi

y=zx-3



D. The general equation of a line is the equation ax + by = c. Every line can be expressed in this
form. Vertical lines have the form x = ¢ and have no slope. Horizontal lines have the form

y = d and have zero slope.

6. Find an equation of the vertical line that passes

through the point (2, -1).

7. Find the slope and y-intercept of the line
k-2y=0

8. Find the slope and y-intercept of the line
A +S5y=-24

x=2

Solve for y:
2y=-3x

_3
y=,x
Slope m = 32'
y-intercept = 0.

Solve for y:
Sy=-2x-%4 Remember to divide
2x-4 )
y=""g everything by §.
_2 % atb _a b
Y=-5%" 5 c “ctoe
Slope m =- % ,

. p)
y-intercept = - .

E. Two lines are parallel if and only if they have the same slope (or both have no slope). Two lines
with slopes m, and m, are perpendicular if and only if m m, = -1, that is, their slopes are

negative reciprocals, so m, =- ml Also, horizontal lines (0 slope) are perpendicular to vertical

1
lines (no slope).

9. Determine if each pair of lines are parallel,
perpendicular, or neither.

8 2+6y=7 andx+3y=9

Solve for y in order to put each line into slope-
intercept form.

A4+6y=7 x+3y=9
by=-2x+7 Jy=-x+9
1 7 1
y=-3%+¢ y=—§x+3

Both lines have slope, - 1§ , 50 they are parallel.



b) Sx+2y=0 and-Sx+2y=2

¢ Zx-y=10 and x+3y=9

10. AreA(1,7), B(7,9), C(9, 3), and D(3, 1) the
vertices of a rectangle, or parallelogram, or
neither.

Solve for y, in order to put each line into slope-
intercept form.

x+2y =0 Sx+2=2
2y =-5x y=5x+2

5 5
y=-5x y=§x+1
Neither.

Solve for y in order to put each line into slope-
intercept form.

k-y=10 x+3y=9
-y=-3x+10 Iy=-x+9
y=3x-10 -;x+3
Since 3 = - —IT' , the lines are perpendicular.

3

Plot the points to find their relative position. Find
the slope of the lines passing through each pair of

points. Y
slope of AB = ?, ;’ = 1§ ‘

slope of BC = ; 3 = -3

sopeof €D = 375 = 3
oot DA = %:% . | BT

Since AB IICD and BC DA, ABCD is at least a
parallelogram. Since AB L BC this is a rectangle.
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Section 2.1 What Is a Function?

Key Ideas

A. Functions.
B. Domains.
C. Ranges.

A. A function f is a rule that assigns to each element x in a set A exactly one element, called f(x),
inaset B. Thatis, x€ A and f(x) € B. Set A is called the domain and set B is called the

range. 'f(x)' is read as 'f of x' or 'f at x' and represents the value of f at . Since f(x) depends on
the value x, f(x) is the called the dependent variable and x is called the independent variable.

1.  Express the rule in functional notation.

a) Add 6 then divide the sum by 5. +6
’ y fwy = 48

b) Take the square root and subtract 9. fx) = ‘/; -9

2. Find the values of f defined by the equation

3 2
f&x)= ;_+xx.
a) f(-2) Substituting -2 for x
322+ (2)  12-2
f)="5"0) T 2e2
_0_3
=472
b) f(4) Substituting 4 for x
3@ +@) 4844
f& ="3"@ = 2-a
32 _
=3 =-26
¢ £ Substituting O for x

3002+(0) 040
f(O) = 2 -(0) = 2-0

0
=2=0



B. If not explicitly stated, the domain of a function is the set of all real numbers for which the

function makes sense and defines a real number. The domain is the ‘input' to the function.

3. Find the domain of the function
4
f&x) = —

x+2

4. Find the domain of the function
x-9
fx) = ©-25x

8. Find the domain of the function

fx) = V-4,

The only values of x for which f does not make
sense occur when the denominator is 0, that is,
whenx +2=0o0r x =-2. So the domain of f is

(=00, =2) U (=2, o). The domain can also be
expressed as:

{xlxat-Z} or x#-2.

Again, the only values of x for which f does not
make sense occur when the denominator is 0.

r-25x=0

xx-S)}x +5)=0 Factoring;
x=0 x-5=0 x+5=0
x=0 x=95 x=-5.

X

Domain is { k20, x #-5,x#5 }

The domain can also be expressed as:
(=0, =5) U (-5,0) U (0, 5) U (5, )

We are looking for the values of x for which the
function makes sense and defines a real number.
2-420 Since we can only find the square
root of a nonnegative number. Using the method
from Section 1.7 we solve the inequality.
$-4=0 = x=12

Interval | (o, <2) { (<2,2) | (2, »)
Test Value -5 0 5

Sign of x2-4 + - +

Since the inequality includes the equality, we
check the endpoints of the intervals., and see that
both x = -2 and x = 2 are acceptable as input
values.

Thus the domain is (=e0,~2] U [2, ).



C. The range is the set of all possible values, f(x), as x varies throughout the domain of f. The
range is sometimes called the image, because it is the ‘image of x under the rule f'. The range
depends on the domain, so the range is referred to as the dependent variable. The range is the
‘output’ of the function.

6. Find the range of the function The graph of f is a parabola, y = 2 + 1, which
f(x) =x? + 1 for each domain. opens up and has a vertex at (0, 1).
a) [0,4] Range: (1, 17].

The smallest value of f occurs when x = 0 while
the largest value of f (on this interval) occurs
whenx =4.

b) [0,4) Range: [1, 17).
Notice how the range changes when 4 is excluded
from the domain.

¢ [-4,4] Range: (1, 17].

d) [-7,6] The largest value of f (on this interval) can occur
when x = -7 or 6.
f7)=50
f(6) =37
So the largest value of f is S0 and as before the
smallest value of f occurs when x = 0. Thus the
range is (1, 50).



Section 2.2  Graphs of Functions

Key Ideas

A. Graphs of linear functions and other functions.
B. Vertical line test.

C. Increasing and decreasing functions.

D. Piecewise defined functions.

A. If f is a function with domain A, its graph is the set of ordered pairs, {(x, f(x))l x€ A}. This
means, the graph of f is all the points (x, y) where y = f(x) and x is in the domain of f. A
function defined by f(x) = mx + b is called a linear function because the graph of the equation
y=mx +bis aline with slope m and y-intercept b. When m = 0, the linear function becomes the
constant function, f(x) = b.

1. Iff(x)=3x+1 find the domain and range of f This is a linear function with slope 3 and
and sketch the graph of f. y-intercept 1. Generate some points and plot.

f(x) Domain: all real numbers.
-2 Range: all real numbers
1
4  Note: The domain for linear
T functions is all real numbers.

')1
0 — O L

This is not a linear function. We need to find the

2. 1ffGx)=N2c+1 find the domain and range of f domain before we can generate points to plot.

and sketch the graph of f. [
Domain: 2x+120= %k 2-1 = xz--z-
X f(x)
8 I -
~2 Domain: [-5 , oo)

I Range: [0. )

S o
(8]




3. If f(x) = -4 find the domain and range of f and || This is a constant function, so every input value
sketch the graph of f. gives the same output value, in this case -4.
x) Domain: all real numbers.

-100 | -4 Range: {-4)
2 ~. Note: The domain for all constant
functions is all real numbers.

B. The Vertical Line Test states that ‘a curve in the plane is the graph of a function if and only if no
vertical line intersects the curve more than once'. It works because a function defines a unique
value, f(a), so if a vertical line, x = a, intersects a graph in more than one place the value of f(a)
is not unique. The vertical line test is a very easy test to apply.

4, Use the vertical line test to determine which
curves are graphs of functions of x
a . A : Passes the vertical line
test. This is the graph

of a function.

......
oot

b) Fails the vertical line test.
3 This is not the graph of
a function.

Fails the vertical line test.
This is not the graph of
a function.




C. Graphs of functions are described by what the function does as x increases over an interval in the
domain.

A function f is called increasing on an interval [ if f(x) < f(x,) wheneverx <x,inl.
A function f is called decreasing on an interval [ if f(x,) > f(x,) wheneverx, <x,inl.

5. State the intervals in which the function whose
graph is shown below is increasing or decreasing.
The function is increasing onx < -2 and on 3 < x.

The function is decreasing on -2 <x < 3.

D. A function is called piecewise defined if it is defined differently for distinct intervals of its
domain. '

6.  Sketch the graph of the function defined by:

x+1 ifx<0
f&) = {x2+1 f0<x

oy 14

.......

RIS

7.  Sketch the graph of the function defined by:

‘J-S-Bx ifx$=2
f@=\Vs+2x  if-2<x<2
x+8 if2<x




Section 2.3  Applied Functions

Key Ideas

A. Mathematical models.
B. Direct variation.
C. Inverse variation.

A. A mathematical model is a function that describes, at least approximately, the dependence of

one physical quantity on another physical quantity.

The following steps are helpful in setting up applied functions.

L

3.

Understand the problem. Read the problem until you clearly understand it.
2. Draw a diagram or make a table. Label both the known and unknown quantities.
Introduce notation. Clearly define what each variable stands for; this will help set up the

equation(s).

L

2,

Express the surface area of a cube as a function
of its volume.

The diagonal of a rectangle is 30 meters.
Express the area of the rectangle as a function of
its width w.

Let V, S, and x be the volume, surface area, and
length of a side of the cube.
Since a cube has 6 sides and each side is a

square, the surface area is: § = 62>
V=2

3
Solving forx,x = ‘f‘—/

3 2
So § =6(\/T/ = 6V

Since the sides of the

rectangle are perpendicular,
the diagonal of the W
rectangle is related to the

length

sides of the rectangle by the
Pythagorean Theorem:
(length)2 + (width)? = (diagonal )
So (length)? = (diagonal)? - (width)*

Use diagonal = 30 and width = w, solve for length:
(length)2 =302- w? or length = q 900 - w2
So the Area = w \j 900 - w? sq. meters.

B. yis directly proportional to x if x and y are related by the equation y = kx, k # 0. The constant
k is called the constant of proportionality.

3.

Federal excise tax on gasoline is 11¢ per gallon. || Let T = the tax and let g = gallons of gasoline.

Write an equation that directly relates the tax as
a function of gallons.

Since tax is 11¢ per gallon
T=011¢g
Here 0.11 is the constant of proportionality.



The volume of liquid in a soda can is directly

related to the height of the liquid in the can.

a) If the can is 12.5 cm tall and contains 355
ml when full, determine the constant of
proportionality and write the equation for the
variation.

b) How much is left in the can when the liquid
is 3 cm deep?

¢) How deep is the liquid when there is 300 ml
left?

Let h = height, V = volume, and k be the constant
of proportionality.

V=kh

When h = 12.5, V = 355. So 355 = 12.5k

thus k =284.

V=284h

Setting A = 3 in the equation yields:
V=28.4h
=28.4(3)=852ml

Setting V = 300 and solving for h yields:
300 =28.4h
So h=10.56 cm

C. yisinversely proportional to x if x and y are related by the equation y =!;- where k # 0.

5.

Write an equation that relates the width to the
length of all rectangles whose area is 4 square
units.

Let w = width and let / = length.
Since A =w! we have 4 = wl and

ws % . Thus width is inversely proportional to
length.



Section 2.4 Transformations of Functions

Key Ideas

A. Vertical shifts of graphs.

B. Horizontal shifts of graphs.

C. Vertical stretching, shrinking, and reflecting.
D. Horizontal stretching, shrinking, and reflecting.
E. Symmetry, "odd", and "even" functions.

A. When ¢ > 0, the equation y = f(x) + ¢ moves the graph of y = f(x) vertically ¢ units up, and the
equation y = f(x) - ¢ moves the graph of y = f(x) vertically ¢ units down.

1.  Graph the functions f(x) = x* and gx) = X +4 First graph f(x) = X, Then graph g (x) =x’+4 by
on the same coordinate axis. translating the graph of f up 4 units.

2. Graph the functions f(x) = | x| and First graph f(x) = | x|. Then graph
g(x) =1 x| -2 on the same coordinate axis. g(x) =| x| -2 by translating the graph of f down
2 units.

B. When ¢ > 0, the equation y = f(x - ¢) moves the graph of y = f(x) horizontally ¢ units to the
right, and the equation y = f(x + ¢) moves the graph of y = f(x) horizontally ¢ units to the left.



3. Let f(x)=x2 Evaluate the functions f(x - 3) fa-3)=@-3)2=2P-6x+9;

and f(x + 2). Sketch all three on the same moves f(x) right 3 units.
coordinate axis. fa+2)=(x+ N=rdr+4
moves f(x) left 2 units.

5 . 5 5
4. Letf(x)= Zel Evaluate the functions fx-2)= -22+1 “P—tx+5

fGx -2) and f(x + 1). Sketch all three on the Moves f(x) right 2 units.
same coordinate axis.
S 5
fe+ )= T " v ez
Moves f(x) left 1 unit
Notice that both f(x - 2) and f(x + 1) are much
easier to graph using
the horizontal shifts.

C. For ¢ > 1, the equation y = cf(x) stretches the graph of y = f(x) vertically by a factor of ¢. The
equation y = %f(x) shrinks the graph of y = f(x) vertically by a factor of c. Andy = -f(x) reflects
the graph of y = f(x) about the x-axis.

S. Letf(x)=2x-1. Find3f(x),%f(x). Sketch all fx)=3@2x-1) = 6x-3

three graphs on the same coordinate axis.

.*’. .........




2(Vx-1)=2Vx -2

2f(x)

€ axis.

6. Let f(x)=Vx 1. Find 2f(x),~2f(x). Sketch

all three graphs on the same coordinat

200

oo
1Y '-;I:c

lEf(x). Sketch

Let f(x)=3x+ % Find -f(x), -

7.

£ -4

f(x)

31

.

tions

Let f(x) = 2+l Evaluate the func
and -2f(x). Sketch all three on the same

+1

inate axis.

.

coord:

Compare these with the transformations in problem

4

..:\.g.. e egee

pedoofeter

[N Y I

vopeo}




D. For ¢ > 1, the equation y = f(cx) shrinks the graph of y = f(x) horizontally by a factor of % For

0 <c <1, 1he equation y = f(cx) stretchess the graph of y = f(x) horizontally by a factor of %
And y = f(-x) reflects the graph of y = f(x) about the y-axis.

1 f@x)= 3x)+1 =3x+1
9. Letf(x)=x+1. Find f(3x), f(i x). Sketch all 1 1 1
f(ix)=(*2'x)+ I= Sx+l

three graphs on the same coordinate axis.

10. Letf(x)= x% +x. Find f(2x) and f(-x). Then l| f2x)=20? + 2x) =422 +2x.

sketch all three graphs on the same coordinate
axis. o =0t +(x=2 -x.

<)



E. Symmetry often helps in graphing a function. An even function f is a function for which f(-x) =
f(x) for all x in its domain. The graph of an even function is symmetric about the y-axis. An odd
function f is a function for which f(-x) = -f(x) for all x in its domain. The graph of an odd
function is symmetric about the origin. Before graphing, quickly check to see if the function is
odd, even, or neither.

11. Check each function to see if it is odd, even, or
neither. Then graph.

a) fx)=x’-4 fo)=x2-4
fen=(-xt-4=x2-4 = f(»)

f(=x) = f(x), so f is even.

b =27 f&) =27
8x
fen = ot
=-Za -
fl=x) =-£(x),

so f is odd.




¢ f&x)=Ixl

d fx)=x-P-8+4

fx)=Ixl
fex) =l=xl =lxl= f(x)
f=x) = f(x), so f is even.

fo)=x3-P-8x +4

fe0 =0’ -0 -8(x) + 4
=-x3-Pe8r+4

() =+ 2P+ 8x -4

Since f(-x)#~f(x) and f(-x) # f(x), f is neither

odd nor even.




Section 2.5 Extreme Values of Functions

Key Ideas

A. Quadratic functions.
B. Maximum and minimum values.
C. Local extreme values.

A. A quadratic function is a function of the form f(x) = ax® + bx + ¢, where a, b and ¢ are real
numbers, with a # 0. It is often easier to graph and work with quadratic functions when we have

completed the square and expressed f in the form f(x) = a(x - h)2 +k.

1. Express f in the form f(x) = a(x- h)* + k and

sketch the graph of f.

a) fo)=x’+6x fo) =xt+6x
=(P+6x+9)~9
=(x+3)2-9

b) f&x)=x*-4x-2 fox) =xi-d4x-2
=(P-dx+4)-2-4
=(x-2)2-6




9 f@)=2P-6e-3 fr) = 22-6x -3 =2(:2-3n) -3
=2(x2-3x+-3-)-§ -2

B. When a > 0, the parabola (quadratic function), f(x) = a(x - h)2 + k, opens up. The lowest point
is the vertex (h, k), so the minimum value of the function occurs when x = h, and this minimum
value is f(h) = k. Also f(x) = a(x - h)? + k 2 k for all x.

When a < 0, the parabola (quadratic function), f(x) = a(x - h)* + k, opens down. The highest
point is the vertex (, k), so the maximum value of the function occurs when x = h and this
maximum value is f(h) = k. Also f(x) = a(x - h)* + k < k for all x.

2. Determine the maximum or minimum values of f
by completing the square. Find the intercepts
and then sketch the graph.

a) f(X)=x2+Sx+4 f(x)=x2+5x+4=(x2+5x)+4
2
=(X2+5X+;5[)+4—24§ = (x+§) _%
9 h]

Minimum value: -3 dx= -7

To find the x-intercepts set f = 0 and solve.
fo)=xt+5x +4=0
(x+1)x+4)=0

x+1=0 x+4=0

=-] x=-4

x-intercepts: -1 and -4
To find the y-intercept
evaluate £(0).
y-intercept: f(0)

4




b) fx)= 3x’-6x +4

¢ fx)= 224 5x

f@) =3x2-6x +4 =3(F-2u)+4
=3G2-2c+1)+4-3
=3x-1)2+1
Minimum value: 1 atx =1.
Since f(x) = 3(x- l)2 + 1, and since the sum of
two squares does not factor, there are no
x-intercepts.
y-intercept: 4

f(x)=-2x2‘+ 5x =-2(x2-§x
25
--2(::2 2x-l-m 3

()

Maximum value: 8 atx =%
fix)=-2245x =0

W2 +5)=0
x =0 2x+5=0
2x=-5
3
=2
x-intercepts: 0 and % Don't forget the zero!

y-intercept: f(0) =0




d) fx)=-5x-10x+1

A farmer wants to enclose a rectangular field on
three sides by a fence and divided it into two
smaller rectangular fields by a fence
perpendicular to the fourth side. He has 3000
yards of fencing. Find the dimension of the
field so that the total enclosed area is a
maximum.

fx) =-5x2-10x+1 =-5(F+2x) + |
=52+ + 1)+ 145
=-5(x+ 1)2 +6
Maximum value: 6 at x=-1.
fx)= =52 -10x+1=0
Since this is hard to factor, use the quadratic
formula to find the x-intercepts.

_=(=10) £V (-10)% - 4(=5)(1)
*= 2(-5)
10+Y100420 104 V120

-10 - -0

V30

= -li's— = -111.10

x-intercepts: -2.10 and 0.10
y-intercepts: f(0) = 1

First make a drawing and label the sides.

b

X

No fencing on this side.

Fencing 3x+ y = 3000
Total area, A = xy.

I Solve the first equation for y and substitute into
| the second equation:

| y=3000-3x

| A= x(3000 - 3x) = -3.2 + 3000x

| Since the leading coefficient is negative, A will
| have a maximum. Now complete the square:

| A=-3(4

- 1000x)
= -3(x% - 1000 x + 250000) + 750000
= =3(x - 500)2 + 750000
So A is a maximum of 750000 sq. yds when
x = 500 yds and y = 3000 - 3(500) = 1500 yds.



C. A point a is called a local maximum of the function f if f(a) >f(x) for all x in some interval
containing a. Likewise, a local minimum of the function f is a point a where f(a) < f(x) for all
x in some interval containing a. When using a graphing device, these local extreme values can
be found by looking for the highest (or lowest) point within a viewing rectangle.

4.

5.

6.

Find the approximate local maximum and
minimum values of f(x) = £-2%+4.

Find the approximate local maximum and
minimum values of f(x)= o4l 16

Find the approximate local maximum and

minimum values of f(x) = X+l 2‘])(2 +1.

Local minimum;

Local maximum:

Ll

<
"
FIV-IFN

Local minimum:

= -1
y=-11
Local maximum;
No local
maximum.

Local minimum:
x=0
y==2

Local maximum:
x= -1.66
y= -0.18

=

!
=~

u

)

o0

2N

[0,1] by [2.5, 3]

N

T B W BOS W |

[~1.-0.5] by [5,

5.5]

[-2, 0] by [-12,

-10]

[-2,0.5] by [-2.2, 1]




Section 2.6 Combining Functions

Key Ideas

meEOw>

Addition of functions.
Subtraction of functions.
Multiplication of functions.
Division of functions.
Comiposition of functions.

A. Let f(x) be a function with domain A and let g(x) be a function with domain B. Then the sum of
the functions f and g is (f + g)(x) = f(x) + g(x) where the domain is A N B.

1. Let f(x)=8x+3 and g(x)=x*-4. Findf+ g

and find its domain.

2. Let f@)=—x-2)2and g(x)=|x|. Find
f + g and find its domain.

3. Let fx)=Vx+3 and g(x)=V9-x*. Find

f + g and find its domain.

(f + 9)(0) = f(x) + gx)

= (8x+3) +(F-4)

= F+8x-1
Domain: Since the domain for both f and g is the
real numbers, the domain of f + g is the real
numbers.

(f + 8)(x) = f(x) + g )

= «x-2%+ x|
Domain: Since the domain for both f and g is the
real numbers, the domain of f + g is the real
numbers.

(f + 8)(x) = f(x) + g&)
= (‘Jx_‘l-_'.';)-!-(\b-xz)

= Vx+3+V9-x?
Domainof f: x+320 so x2-3or[-3, e}
Domain of g: 9-x220 After solving inequality,
(-3,3)
Domain of f + g: {-3,3])




B. Let f(x) be a function with domain A and let g(x) be a function with domain B. Then the
difference of the functions f and gis (f - g)(x) = f(x) - g(x) where the domain is A N B.

4. Let f(x)=V*-1and g(x) =

f - g and find its domain.

2 1
5. Let f(x):lz-3 and g(x)=;'3.

and find its domain.

6. Let f(x)=x and g(x):le_“.

find its domain.

6- x*. Find

Findf-g

Find f - g and

(f - g)(x) = f(x) - g(x)
- (V#21)-(16-2)

= V2-1-V16- 2
Domain of f: xt-120 After solving
inequality, [=e0, -1] U [1, o]
Domain of g: 16-#20 After solving
inequality, [~ 4, 4]
Domain of f - g: [-4,-1] U [1, 4]

(f - 8)(x) = f(x) - g(x)

(x 5)- (“s

x-3 x+5
Domainof f: x-3#0 orx#3
Domainof g:x +5#0 orx #-5

Domain of f - g: {xlx #3, xat-S}

(f - 8)(x) = f(x) - g(»

=(x)-(;"::)
“x-7e

Domain of f: All real numbers
Domainof g: ¥ -4%0 {xlx:ﬂ}

Domain of f - g: {xlx#ﬂ}

C. Let f(x) be a function with domain A and let g(x) be a function with domain B. Then the product
of the functions f and g is (fg)(x) = f(x)g(x) where the domain is A N B.

7. Let f(x)=x+2and g(x)=x

and find its domain.

+1

-4. Find fg

(f8)(x) = f(x)g(x)

= (x +2)(—' -4)

2x+4
ot 1 ~-4x -8
Domain of f: All real numbers
Domainofg: x + 120 or x#-l

Domain of fg: {xlx #-1 }




8. Let fx)=Vx+12and g(x)= \jx-S. Find fg (f8)(x) = f(xg(x)

and find its domain.

D. Let f(x) be a function with domain A and let g(x) be a function with domain B. Then the quotient

= (Vee12 )(Vass)
= VP4Tx-60

Domainof f: x+1220 sox2-12

Domainofg: x-520 sox2$
Domain of fg: x2 5 or (85, o]

of the functions f and g is (';-)(x) = ﬁ% where the domain is { xe AnBlgx)# 0}

9. Let f(x)= dx-l and g(x)=x2-4.

a) Find p and find its domain.

b) Find? and find its domain.

10. Let f(x)=x2-9 and g(x)=*+9.
a) Find§ and find its domain.

b) Findf, and find its domain.

f&)  Nx-1
gx) P-4
I!Qmaino

Numerator: x-120, x 2 1.

Denominator: x*-4#0
P?-4=0
(x-2)(x+2)=0
x=2orx=-2 sox# 12

So domain is [1, ) N {x| x# $2}or 1, 2) U (2, =)

g _ A4
fo) -1
Domain:

Numerator: all real numbers
Denominator: x-1>0, x> 1.
Domainisx > 1 or (1, «)

) x2-9
g0 " 2+9
DRomain;

Numerator: all real numbers.
Denominator: all real numbers.
Domain is all real numbers.

Note: x2 +9, the sum of two squares, is never Q.

g(x) _xz+9
o) T 2-9
Domain:

Numerator: all real numbers.
Denominator; x-9# 0, x213.

Domain is {xlt#ﬁ}



E. Given two functions f and g, the composition function f o g is defined by (f o g)(x) = f(g(x)).
We sometimes say that f o g is 'f acting on g(x)', in other words, x is the input to g and g(x) is the
input to f. The domain of f o g is that subset of the domain of g where g(x) is in the domain of f.
Another way of saying this is that the domain of f o g is those points where both g(x) and f(g(x))
are defined.

1 Letfix) = Vx-10 andlet gx) = x+9.
a) Find f o g and find its domain and range. (f og)(x) = f(gx)) = f(x +9)
=V(x+9)-10
= Vx-1
Domain: x-120 sox21,or{l, ).
Range: [0, ).

b) Find g f and find its domain and range. (go fix) = g(f(x)) = g(x+9)
= ‘Jx -10 +9
Domain: x-1020 sox 210, or [10, ).

Range: (9, =).
Note: fog#gof.

12 Letf(x):};-‘t and let g(x) =$.

a) Find f o g and find its domain and range. 1
¢ o) = fie) = 1535

- —L
1

(x+4

= x+4-4=1x

Domain: x# -4 or {x |x# -4} . (Note: x+ is
never(.)
Range: {xlx#-4).

b) Find g ° f and find its domain and range. |
(82 ) =) = g(;-4)

1

Domain: x#20or{xlx#0]}.
Range: {xlx=20]}.

= =X

Mt |



3. Letf(x)= Va2+x+1andletg(x) =x2-1.

a) Find f g and find its domain and range.

b) Find g f and find its domain and range.

(f og)(®) = f(g(x)) = f(#-1)
V214 (2-1)+1
= Jx“-x2+l

Domain: Since the domain of g is all real

2
numbers and since Hodel= (,\2- %) + % is

always positive; domain is all real numbers.

Range: [ g ' oo)

(8° N =) = g(Vex+1)
= (‘Jxl+x+l )2—1

= (x2+x+l)-l See below.
= ¥+x
2
Domain: Since X+x+1 = (x+%) + % ,

xz- x+1>0. So the domain is all real numbers.

Range: [-% , w).

Note: Since x*+x+1> 0,

(\Jx2+x+l )2-- Px+l,



Section 2.7 One-to-one Functions and Their Inverses

Key Ideas

A

B
C
D

One-to-one functions and the horizontal line test.

. Domain and ranges of inverse functions.

Finding the inverse function of a one-to-one function.
Graphing the inverse function of a one-to-one function.

A. A function with domain A is called a one-to-one function if no two elements of A have the same

image; that is, f(x,) # f(x,) whenever x #x,. Another way of stating this is, "If f(x,) = f(x2),

then xl' =x,". One test for determining when a function is one-to-one is called the horizontal line

test which states that a function is one-to-one if and only if no horizontal line intersects its graph
more than once. Care must be taken to avoid some common errors in algebraically showing a
function is one-to-one. While it is true that a # b implies that a + c # b + c, it is not true that

a#bandc#dimpliesthata+c#b +d.

1. Show that f(x)= x2+2x = 3 is not one-to-one by || There are many answers possible. An easy pair of
finding two points x  # x, where f(xl) = f(x,). points can be found by setting f(x) = 0. Factoring;

P+ -3=(x-1)x+3)=0
x-1=0 o x+43=0
x=1 x=-3
So, f(1) = f(<3) = 0, thus f is not one-to-one.
Since f(x) = (x + 1)*- 4 (complete the square),
all solutions to f(xl) = f(xz) are of the form

b+ 1=, + 1)
Example: |(1) + 1| =|(-3) + 1|=2.

2. Use the horizontal line test to determine if each
function is one-to-one.

a) ¢ '
This graph passes the —~
horizontal line test.

This is a one-to-one

- function. N

b) Y4 “V
This graph does not =
pass the horizontal

line test. This

function is not

one-to-one. \

I
I




c) ' '
/ This graph passes the /
horizontal line test. —

f This is a one-to-one [

function. /

/

/

V

«

¥

B. Let f be a one-to-one function with domain A and range B. Then its inverse function f~! has
domain B and range A and is defined by

Floy=x e  fw=y for any y in B.

It is a common mistake to think of the -1 in f~ Las an exponent: f ) # f—(lx_)-

3. Suppose f is one-to-one and f(0) = 3, f(1) = 4,
f(3) =5, and f(4) = 6.

8 Findf'(3). £(3) = 0 since. £(0) = 3.

b) Find f(4). f1(4) = 1 since f(1) = 4.

C. If f is one-to-one function, then we find the inverse function by the following procedure.

1. Write y = f(x).
2. Solve this equation for x in terms of y (if possible).
3. Interchange x and y. The resulting function is y = £~'(x).

4. Find the inverse function of f(x) =‘j x-1. y= \/ -1
What is the domain and range of f~ Ty ;:22 -1 Square both sides.

Interchange x and y.

Domain of f . (= range of f): [0, ).
Range of £~ (= domain of f): [% ,..)

Note: Here it is easier to find the range of f in order
to find the domain of f 1,




5.

-1
24x°
What is the domain and range of f~ Iy

Find the inverse function of f(x) =

_3x-1
Y= 24x
y2+ x)=3x-1
y+xy=3x-1 Gather the terms
xy-3x=-2y-1 with x to one side.
xXy-3)=~2y +1) Factor out x.

2y +1
xX= - 3

k)"d

y=-7 _+3] Interchange x and y.

fl(X)’- _2¥+]

x-3

Domain of £ (= range of f): {x1 x#3).
Range of f' (= domain of f): {y |y #-2}.
Note: Here it is easier to find the domain of fin
order to find of the range of f 1

D. Even though we might not be able to find the formula for !, we can still find the graph of ™.
The graph of £~ is obtained by reflecting the graph of f about the line y =x. The important thing
here is that (a, b) is a point on the graph of f if and only if (b, a) is a point on the graph of f~!.

6.

Find the graph of f  for each graph of f shown

below.
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Section 3.1  Polynomial Functions and Their Graphs

Key Ideas

A. Polynomial and rational functions.
B. Zeros of Polynomials.

C. Graphing Devices and End behavior.
D. Local extrema of polynomials.

A. A polynomial, P, is a function of the form P(x) = anx" + a”_lx"" 4o -ra‘xl +a, wherea ,a _,

@, y» -+ Gy, Gy are constants with @ # 0 and n is called the degree. The numbersa,a,_.a_,,

.. 1@y, a, are called the coefficients of the polynomial. The constant coefficient, a,, and the
leading coefficient, a , arc important in factoring polynomials and finding zeros. The constant
coefficient is sometimes called the constant term. A rational function is a function r of the form

r(x) = %((% , where P(x) and Q(x) are polynomials.
1.  For each polynomial determine the degree, the
leading coefficient, and the constant coefficient.

2 P)=8x'+3-245c-7 degree: 4
leading coefficient: 8
constant coefficient: -7

b) Px)=x"-3x*-3 degree: 7
leading coefficient: 1
constant coefficient: 0 Note: Even though no
constant coefficient is shown, it is understood to be

zeno.

¢ P)=6-5x-1r+u*-4x8 First write in descending order
P(x) =4+ >3- 5x + 6
degree: 6
leading coefficient: —4
constant coefficient: 6

B. The graph of the polynomial y = P(x) touches or crosses the x-axis at the point c if and only if
P(c) = 0. The point c is a zero of P(x). Between successive zeros, the values of the polynomial
are either all positive or all negative.

Equivalent Statements

1. cisazeroof P. 3.  x-cisafactor of P(x).
2. _x=cisaroot of P(x) = 0. 4. x=c s an x-intercept of the graph of P.




2,  Sketch the graph of the polynomial
P(x)= 4x2-

3.  Sketch the graph of the polynomial

P(x) = (x-2)(x+1)?

Start by finding the zeros of P(x) by factoring.

This polynomial is easy to factor.

Py=ax*-#=24- P = 22-02+x)

So =0  2-x=0 24x=0
x=0 2=x x=-2

Thus the x-intercepts are x =0, x = 2, and x=-2.

Since P(0) = 0, the y-intercept is y = 0,

Find some additional points and sketch,

Since this polynomial is already factored, we can

| locate the x-intercepts by setting each factor equal
| to zero. So

x-2=0 x+1=0
x=2 =-]
Thus the x-intercepts are x = 2 and x =-1.

| To find the y-intercept we substitute x = 0: so
| P(0)= (-2)(1) =-2.
§ Find some additional points and sketch.




4.  Sketch the graph of the polynomial
P(x)=(2x =3)x+ I)}x+4).

Again, since this polynomial is already factored,
we can locate the x-intercepts by setting each
factor equal to zero. So
x-3=0 x+1=0 x+4=0
=3 =-] x=-4
3
x=3
Thus the x-intercepts are x = % , x=-land x=-4.

To find the y-intercept we substitute x = 0: so
P@0) = (-3X1)4) = -12.
Find some additional points and sketch.

......

et oo

In the graph above, each grid line represents 2 units.

C. The end behavior of a function is what happens to the values of the function as Lx| becomes
large; that is as "x goes to " or as "x goes to —o". The end behavior of the polynomial
Px)=ax"+ a”_lz’"' 4o -balxl +a, is completely determined by the leading term, a x". When
n is even, both ends go up when a, > 0 while both ends go down when a, < 0. When n is odd, one
end will go up and the other end will go down. Use a large viewing rectangle when using a
graphing device to find the end behavior. Also remember to see if this agrees with the degree of

the polynomial.

5. Describe the end behavior of each polynomial.

8) Px)=-2+axt-23-3x,

Since you are only interested in the end behavior,
use a large viewing rectangle.
y = o asx = oo and y = -0 asx —) oo

{25, 25]) by [-100, 100)




b =001 +27+x+10 ) > w55 o o ad y e B o
-25, 25] by [-500, 500]  Since the degree of
Q(x) is 8, we know
that both ends of the

. graph must do the
same thing.

We increase the x
values of the viewing
rectangle to [-50, 50).
In the second viewing
rectangle we see that
y = oo asx — —eo

and y > o as
X =

D. The points at which the graph of a function changes from increasing to decreasing or from
decreasing to increasing are called local extrema. Calculus tells us that a polynomial of degree
n can have at most n — 1 local extrema. A local extremum is a local maximum when it is the
highest point within some viewing rectangle and a local minimum when it is the lowest point
within some viewing rectangle.

=50, 50] by [-500, 500

6. Graph the following polynomial using a graphing || Pick a large viewing rectangle to make sure you
device. Determine the y-intercept and find all local extrema. Then reduce the size of the
approximate the x-intercepts. Also approximate J| viewing rectangle to find the values to the nearest
the coordinates of all local extrema to 2 decimal }| hundredth.
places.

14,02 y-intercept: 3
b) Q(x)= 4¥-2"-3x+3. x-intercepts: 0.62 and 3.79
local maximum: (-0.52, 3.77)
local minimum: (-2.15, 0.92) and (2.67, -13.69)

[-5, 5] by [-15, 15]

0 Rx)=-01x°+23-12x-3. y-intercept: -3
x-intercept: -0.25
local maximum: (~1.59, 9.06) and (3.08, -9.24)
local minimum: (-3.08, 3.24) and(1.59, -15.06)

[-5, 5] by [-20, 20]




Section 3.2  Real Zeros of Polynomials

Key Ideas

A. Division Algorithm.

B. Synthetic division, The Remainder Theorem, and Factor Theorem.
C. Rational roots.

D. Descartes' Rule of Signs.

E. Upper and lower bounds for roots.

F. Systematic procedure for finding all rational roots.

A. Long division for polynomials is a process similar to division for numbers. The terminology of
division is as follows. The dividend is the quantity that the divisor is divided into. The result is
called the quotient and what is left over is the remainder. A very useful algorithm is the
Division Algorithm. If P(x) and D(x) are polynomials, with D(x) # 0, then there exist unique
polynomials Q(x) and R(x) such that: P(x) = D(x) - Q(x) + R(x), where R(x) = 0 or the degree of
R(x) is less than the degree of D(x). P(x) is the dividend, D(x) is the divisor, Q(x) is the
quotient, and R(x) is the remainder. The important thing to remember when dividing is to insert

Oxk for missing terms.
1. LetP()=x*+4x’+6x*- x+6and 24242
D(x) = £ +2x. Find the polynomials Q(x) and
R(x) such that P(v)=D(x) - Ox) + R(x). 242 ) P ead+6l-x+6
el
23 + 6x2
20 +4x?
ul- x
22+ dx
Sx+6
Sot+ad+6xl-x+6=
(P+22)(x2+ 2 +2) + (<5x + 6)
2. LetP@)=x*+r +4and D(x)=x2-3. Find 24143
the polynomials ((x) and R(x) such that
P(x) = D(x) - Q(x) + R(x). 23 ) e dete0x 44
P 3
L+3x2+0x
Py -3x
W43+ 4
W -9

I+13

So
HrPra=(2-)P+x+3)+(3x+13)



B. Synthetic division is a very important tool used in factoring, in finding solutions to
P(x) = 0, and in evaluating polynomials, that is, finding the value of P(c). This is a skill that is
developed by practice. Remember to insert a 0 in the corresponding place when the x* term is
missing. When D(x) = x - ¢, the Division Algorithm becomes the Remainder Theorem:
P(x) = (x = c) - Q(x) + r where r = P(c). This means that the remainder of P(x) when divided by
(x =) is the same as the functional value at x = c. When the remainder is zero, the Remainder
Theorem yields the Factor Theorem: P(c) = 0 if and only if x - ¢ is a factor of P(x).

3. Verify the Remainder Theorem by dividing

3 2 x245x 45
P(x) = x” + 2x"~ 10x by x - 3. Then find P(3).

x-3 ),\}+2x2—10x+0
13-312
sz-IOx
5¢% - 15x
+0
x-15
15

Remainder is 15

P3) = (3) +203)% - 1003)

=27+18-30 = 15
4. Verify the Remainder Theorem by dividing x-2=0 = x=2
P =x°-3 -1?-5c+2 by x - 2. Then alt 0o 3 9 2

nd P2 2 4 2 -10 =30

12 1 5 -5 |8

So the remainder is -28
Note: Remember to inserta "0" for the coefficient of

A

PQ) = (2)° -3 -72%-502) +2
=32-24-28-10+2

=-28
5. LetP(x)= 6x°- X-31x-24. Show that
P(-1) = 0 and use this fact to factor P(x) 1 16 4 =31 -4
completely.
6 1 A
6 -1 4|0

So x =-~1is a solution and x + 1 is a factor and
P(x) = (x + 1)(62%=Tx - 24)
=(x+13x-8)(2x +3)



C. If 2 is a rational root of the polynomial equation g x" + a’l_lx’"’l +e 4ax

(not necessarily a, = 1), a; # 0, and q; is an integer, then

8.

Let P(x) = 22 - x>~ Tx + 30. Show that
P(=2) = 0 and use this fact to factor P(x)
completely.

Find a polynomial of degree S that has zeros at
-5,-2,1, 2,and 3.

What numbers could be the integer zeros of the
polynomial?

8 O+25¢-20 12108412

b) x -8*+9x2-5x+16

o S+11P+70 -6+ U
Find all possible rational roots of the equation,

33 -5x’—16x + 12 =0 and then solve it
completely.

2029 a9 »
4 2 -3
2-11 150

So x =-2 is a solution and x + 2 is a factor and
P(x) = (x +2)22 - 11x + 15)
=(x + 1)2x-5)@x-3)

Since P(c) = 0 if and only if x- ¢ is a factor,
P(x) =[x~ (-5)] [x- (<2)) [x- 1] [x- 2] [»-3]
=(x+5)(x+2)(x~1)x-2)x-3)
=0+ 24212+ 112 4+ 68x-60

l+ao=0. wherean¢0

P divisor of a

is of the form + ——— 2.
divisor of a,

When the leading coefficient is 1, then the roots
must be factors of the constant term.

+ the factors of 12 = I, 12, 13, $4, 16, £12.

1 the factors of 16 = %1, 12, 14, 18, £16.

1 the factors of 24 = %1, £2, 13, 14, 16, 18,

112. 1'24.

divisors of 12

1
vior of3 = 1213, 4, 6, £12, 3,

:t% , :l:% Trying the positive integers first

135162 2[35-16 1

3 2 -I8 6 2-28

32 -18 |6 3 1-14 |-16
33 5 -16 12
9 1 -I2

34-4|_0Yes

Factoring the resulting polynomial yields the last
two solutions.

W+ dx-4=(03x-2x+2)
X-2=0 = k=2 = x=
x+2=0 = x=-2

Wi

Solutions: %, -2, and 3.



10.  Find all possible rational roots of the equation,
-2-11249x + 18 =0 and then solve it
completely.

divisors of 18

divisorsof 1 ~ 11, 12, 13, 16, 19, 18

There are 12 possible rational roots.
Try the positive integers first

211 -1 -l 9 18
2 2 -18 -I8
| 1 9 9 I_Q yes

Since the resulting polynomial is X+ d-9x-9,
12, 16, and 118 can be eliminated as possible
roots. 3 and 9 are the only positive roots left.

3! 1 9 9
3 9

1 4 3 |o yes

Factoring the resulting polynomial yields the last
two solutions.

Prax+3=(x+1)x+3)
x+1=0 x+3=0

x=-1 =3

Solutions: -3, -1, 2, and 3.



11

Find all possible rational roots of the equation,
10x* + 11* - 512 32x + 20 = 0 and then solve
it completely.

divisors of 20 _ i1,2,4,5,10,20

divisors of 10 ~ 1,2,5,10
= 11, 12, #4, 15, $10, £20 il‘il':t-l'i‘z'ié:t's'
- ’ ] ' ’ s ’ 21 5’ 10, 5: 5’2
There are 24 possible rational roots, many
possibilities to try. We try the integers first

(easier), using the short cut notation from the text.

o n_ 51 2 ®
0 2 30
0 2 30 62|49 o

2010 1 51 n»
» & 2 X
0 3 1 -0 [0 yes

Trying 2 again;

2{10 31 1 -10

0D 102 226

10 SI 113 216 w
Note: Any number larger than 2 won't work. So we
start trying negative numbers.

alwo a1 o -0
0 211
0 2 -10 [0 yes

Factoring this last polynomial:
102 +21x-10=(2x + 5)5x~2)
N+5=0 x-2=0

A=-5 =2
__3 _2
x=-3 x=7

3 2
Solutlons.-z,-l. 5,and 2.



D. Descartes' Rule of Signs states that if P(x) is a polynomial with real coefficients, then

1. The number of positive real solutions of P(x) is at most equal to the number of variations in
sign in P(x) or is less than that by an even number.

2. The number of negative real solutions of P(x) is at most equal to the number of variations in
sign in P(-x) or is less than that by an even number.

This is very useful when there is a 0odd number of variations in sign. In that case you are
guaranteed at least one real solution, either negative or positive.

12.  Use Descartes’ Rule of Signs to help ﬁnci all
rational zeros of the polynomial,

P(x) =x* -2 - 2 -4x - 6, then solve it
completely.

P(x) has one variation in sign, so there is one
positive real zero.

P(-x)= x*+ 203 -+ 4x - 6 has three variations
in sign, so there are either three or one negative
real zeros.

These possible zeros are: 1, £2, +3, 6

-1]1 =2 -1 4 6
-1 3 -2 6
1 3 2 -6 lg yes

Looking at the dégree three polynomials,
0(x) = £-312+2x - 6,
Ox) = -r-3?-2 - 6,

we can see that there is still one positive zero (we
cannot increase the number of positive zeros) but
no more negative zeros. Trying the positive
numbers, we get

1t 3 2 6 21 3 2 %
1 2 0 2 2 0

1 2 ol 14 o]

311 3 2 6
3 0 -6
2 [o

Since the result x* + 2 does not factor over the
reals, we are finished. The only real solutions are
-1 and 3.

1

o

93




E. The number a is a lower bound and the number b is an upper bound for the roots of a
polynomial equation if every real root ¢ of the equation satisfies a < ¢ < b. Bounds a and b are
found in the following way. Let P(x) be a polynomial with real coefficients.

1. If we divide P(x) by x — b (where b > 0) using synthetic division, and if the row that
contains the quotient and remainder has no negative entries, then b is an upper bound for the
real roots for P(x) = 0.

2. If we divide P(x) by x — a (where a < 0) using synthetic division, and if the row that
contains the quotient and remainder has entries that are alternately non-positive and non-
negative, then a is a lower bound for the real roots for P(x) = 0.

13. Show that all the real roots of the equation -6 I ) 1 4 44 48
2% + 115 + 4x% - 44x - 48 = 0 lie between -6
and 3. -12 6 60 624

2 4 10 -104 576

Entries alternate between non-positive and
nonnegative, therefore -6 is a lower bound.

312 11 4 -4 48
6 51 165 363

2 N 5 121 315

Each entry and remainder is positive, therefore 3 is
an upper bound.

14. Show that -1 is not a lower bound but -2 is a
lower bound for the roots of the polynomial -1 l 4 0 -6 1 B (-
equation. Then find an integer upper bound for 4 4 2 9 17
the roots.
463+ a2 -8 - 16 =0 4 4 2 9 1 |1
1

1 Nor alternating in sign.

2|4 0 6 71 8 -6
$ 16 20 % -3
4 8 10 -3 B |

Alternating in sign, so -2 is a lower bound.

1la o 6 1 8 -6
4 4 2 5 1

4 4 2 5 3 |1

214 0 6 1 8 -6
8 16 » % @
4 8 10 7 & |

So 2 is an upper bound, 1 is not.




F. Roots of the equation P(x) = 0 are the same as the zeros of the polynomial P(x). We summarize

the steps in finding the roots of a polynomial P(x):

(1) List all possible rational roots.
(2) Use Descartes' Rule of Signs to determine the possible number of positive and negative

roots.

(3) Use synthetic division to test for possible roots (in order). Stop when you have reached an

upper or lower bound or when all predicted positive or negative roots have been found.

(4) If you find a root, repeat the process with the quotient. Remember you do not have to check | -

roots that did not work before. If you reach a quotient that you can apply the quadratic
formula to or that you can factor, then use those techniques to solve.

15.

Find all rational zeros of the equation,
©-32-10x+24=0.

1. List of possible roots:
11, 12, 13, +4, 16, 18, 12, +24

2 Positive roots: two variation in sign, so there
are two or no positive roots.
Negative roots: P(-x) = -2-3x2+10x + 24, so
there is only one possible negative root.

1yr 3 -0 %
1 2 =12

‘1 a4 -2 |0 yes

P-x-12=(x-4)(x+3)
x+3=0 x-4=0
=-3 x=4
The solutions are -3, 2, and 4.
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16.  Find all rational zeros of the equation,
24+ 112+ 4x?-44x-48=0.

1. List of possible roots:
:t% , 11, i% , 12, 13, 14, 16, 18, +12, £16, +24,

148

2 Positive roots: one variation in sign, so there is
one positive root.
Negative roots:
P(-x) = 2x* —11x% + 4x? + 44x - 48. So there
are three or one possible negative roots.

3. Upper and lower bounds were established in
problem 7 above, and these are ~6 and 3. So

the list is reduced to 15 , £1, 3% (42,3, -4,

e u 4 m 48

1 6 5

2 12 10 -39 |no chance

12 1 4 -4
2 13 17

-48
21
2 B 0 2 |15
48

% 2 11 4 -4
3 7 %2
2 14 I |no chance
22 1 4 4 4
4 X ) 48
2 15 K} p. Ig yes
1
5 2 15 k' p.:|
i
-1 =1 -2

2 4 pA) | No chance

-112 15 ¥ A
2 =13 -2

2 B A 3

2 15 ¥ A4
3 -18 -A
2 n 16 |£ yes

224 12x+16=2(2 +6x + 8) = 2x + 2)(x +4)
x+2=0 x+4=0
==2 x=-4

The solutions are -4, -2, - % ,and 2,



Section 3.3 Complex Numbers

Key Ideas

A. Arithmetic operations on complex numbers.

B. Dividing complex numbers, the complex conjugate.
C. Square roots of negative numbers.

D. Graphing complex numbers.

A. Complex numbers are expressions of the form a + bi, where a and b are real numbers and i is
the imaginary number defined by the equation i2 = —1. The term a is called the real part and
the term b is called the complex part. Two complex numbers are equal if their real and complex
parts are the same. The number bi, b # 0, is called a pure imaginary number. You add two
complex numbers by adding the real parts and adding the complex parts. The distributive property
or the FOIL method can be used along with the identity i = -1 to multiply two complex numbers.

1. Add or subtract.
2 (3+4i) -(4-5) (3+4i) -(4-5)=3+4i 4+5i

B-dH+@i+5)
-1 49

b (V3-1) +(14V3) (V3-0) + (14V3) V3-i #1473
= Vi-1 +(c143)i

This is as far as this expression can be simplified.

2. Multiply.
2 (2-3)(7-5) We use the distributive property.
(2-3)(7-5) = 2(7-5) + (3i)(7-5)
14 - 10i-21i + 158
14-31i-15
-1-31i

b) (3 +2i)(4+90) We use the FOIL method.
(3 +2i)(4 +9i)
(3)4) + (3)(9i) + (2i)(4) + (2i)(%)
12 + 27i + 8i + 18>
12 + 35i + 18(-1)
-6 +35i

Note: A different method was used in part (a) and
(b) to show that both methods work.

3. Show that 1 + 2i is a solution to Substitute 1 + 2i for x and simplify.
#-2+5=0. (1420 =21 +2i)+5
= (()2+22i)1) + QiD)-2-4i + 5
= 1+4i+4-4i43 =1-443 =0

So 1 + 2i is a solution.
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B. The numbers a - bi and a + bi are called complex conjugates. When a complex number and its
conjugate are multiplied together the result is a real number We can use the difference of
squares product to see that (a - bi)(a + bi) = at - (bz)2 =a*-bit=a? +b%. To simplify a
quotient of complex numbers multiply the numerator and denominator by the conjugate of the

denominator.

4. Simplify ;E—l

S. Divide4-3iby3+2i

i = (55) G39)

_ 2(3+1) 2(3+1)

L = 941
_23+i) 3+
- 10 T s

_3 1.

or -5"’51
-3i

@-30+(3+20-3+2l

4-37\ (3-2i
3+2i)\3-2i

12 - 8i - 9i + 6i?

- 9-4j?
_12-17i-6_ 6-17
T 944 -3
I U

o =3~ !

C. If -r < 0, then the square roots of -r are iVr and -i\/_r', where iV is called the principal square

root of -r. Remember ‘/Z ‘j; N

\fa_b only when a and b are not both negative. So

V3V-6=iV3iV6 =322 = —3V2, while V(-3)=6) = V18 = 3V2

6. Evaluate.

a) ‘/_-T

b Vo

c)‘/TI-Z

4 V25

Vo =i

Voo=iVo=3i

\,_2=z 2-2‘[3_’1

—\I35= -i‘lg= =5i

Note: \I_ is a grouping symbol, that
means "do the work on the inside first "



D. Complex numbers are graphed on a complex plane. The two axes are the real axis and the
imaginary axis. To graph the complex number a + bi, we plot the ordered pair (a, b) in the
plane. The modulus (or absolute value) of a complex number z = a + bi, is the distance

between it and the origin and is given by the formula Izl Na?+b2

7.  Find the modulus of each complex number.

a) 3-2

b)

Wi
t
i

c)

8.  Sketch the given set of complex numbers
8 {z=a+bil2asbh}

3

b)

B-2il=V32+22 = Vo+4 =V13

28 A [ (Y 22_\/£m
L %) *\5) = Vexstes
_\/gzs__l
=\ s
12-3]- [ ) §2_1/4 5
3747 3) *\4) “ Vot

1/.61 m_qusg_u
144v144= V14~ 12




Section 3.4 Complex Roots and the Fundamental Theorem of Algebra

Key Ideas

A. The Fundamental Theorem of Algebra.
B. Conjugate roots.

A. This section contains many important theorems and ideas. Notice that these theorems only say
that these zeros exist, not how or where to find them. Sections 3.4, 3.5, and 3.6 explain where to

look for the zeros and how to find them. The Fundamental Theorem of Algebra states that
every polynomial, P(x)=a x" + a"_lx"" +o t alJcl +a,,n21,a #0, with complex
coefficients has at least one complex zero. The Complex Factorization Theorem states that
P(x) can always be factored completely into P(x) = a(x - c)x=c) - (x-c,_ Nx-c,) where a,
€13 €y -ve s €,y €, are complex numbers, a # 0. If the factor (x - ¢) appears k times in the

complete factorization of P(x), then c is said to have multiplicity k.

1. Find all solutions of the equation.
a) o +36=0 & +36 = 0. means x* = -36, 50

x=1V-36 = 11\136 = 16i

b) #-24+5=0. By the guadratic formula:
=) V(2 -4()5) _ 2:V4-20
o 2(1) = 2
Co22Vae  21iVie | 214
= T2 T T2 T
) 2g1;2q -

so the solutions are 1 + 2 and | - 2¢

2. Find the complete factorization and all six zeros || P(x) = Sx5 - 80,2
of the polynomial P(x) = 52°- 80 = 52t -16)
= SxX P -4) P +4)
= Sx¥(x - 2)(x + 2)(x = 2i)(x + 2)
Set each factor equal to zero and solve.
%2=0
So x = 0, with multiplicity 2;
x-2=0 x+2=0 x-2i=0 x+2i=0
x=2 =-2 x=2 x==2

The six zeros are: 0 (multiplicity 2), -2, 2, -2i, 2i
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3. Find a polynomial that satisfies the given

description.

a) A polynomial P(x) of degree 4 with zeros P(x)=a(x - (-2))x - -D)x-3)(x-5)
-2, -1, 3, and 5, and with constant zalx + 2 + Dx -3)x - 5)
coefficient —60.

=a(?+3x + 2)(x2-8x + 15)

= a(x" 50 -Txt 4+ 29x + 30)
Since -60 = a(30), a = -2; hence
P(x) = =2(x* - 5x° - Tx} + 29x + 30)

=% + 107 + 14x% - 58x-60

b) A polynomial Q(x) of degree 6 with zeros 0, || O(x) = a(x - 0)(x - 1)%(x - (-3))°
1, and -3, where 1 is zero of multiplicity 2 =ax(x - 1)¥x+3)°

and -3 is zero of multiplicity 3. !
=ax(Z-2 + D + %2+ 272+ 27)
=ax(X +Tx* +10° - 1822-27x + 27)

=a(8+7x% 4102 - 182 - 2722 + 27x)
Since no information is given about Q other than
its zeros, we choose @ = 1 and we get
0(x)= ¥+ 76 + 1054~ 182 - 212 + 27x

¢) A polynomial R(x) of degree 5 with zeros Rx)=a[x-(2-D))[x- @2 +d))[x- 2]3
2-1i,2 + i, and 2, where 2 is zero of ”
multiplicity 3. The leading coefficient is =af(x-2)+i][(x-2) - i}(x-2)°

B za[(P-4x +4) - 2)(P-&x?+12x-8)
=a(?-4x + S)(x’ -6x2 + 12x-8)

=a(’ - 10x* + 415 - 8622 + 92x - 40)
Since the leading term is ax’ and we are given that
the leading coefficient is -1, a = -1, we have
R(x)=-x" + 10x* - 41° + 862 - 92x + 40

## Note: The difference of squares was used to
multiply [(x-2)+i][(x-2)-i]=(x - 2)%- 2

B. The imaginary roots of polynomial equations with real coefficients come in pairs. If the
polynomial P(x) of degree n > 0 has real coefficients, and if the complex number a + bi is a root
of the equation P(x) = 0, then so is its complex conjugate a — bi.
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4. Find a polynomial P(x) of degree 5, with real Since 3 - 2 is a zero, so is its conjugate, 3 + 2.
coefficients, that has zeros 3 - 2i, 0, 2, and 4. Again we will assume a = 1. So

P(x)=x[x- (3 - 2i)}[x- (3 + 2i)}(x - 2)(x-4)
=x((x-3)+2)(x=3)-2i)(x -2)(x - 4)
=x((? - 6x +9) - 4i)(x2-6x + 8)
=x(3-6x + 13)(*-6x + 8)

=x° - 12x* + 570 - 126x% +104x

S. ~1-3i is a zero of the polynomial Since -1 - 3i is a zero of P(x), -1 + 3i is also a
P(x)=4x°-4x*+ ¥~ 154x2 - 158x - 40. Find || zero of P(x).
the other zeros. O(x) =(x = (=1 = 3i ))(x - (-1 +30))

=((x+1D+3i)x+1)-30)
=(x+1)2-Gi)= P42x+1-9i
=x?42x+10

Since Q (x) is factor, we use long division to get

4°-122-15x-4

P42 410 )a4xt =154 2158 x - 40
44844003
~120430x 154
—12¢4-24r°-120 2
~15x3-34x 2158 x
~15x-30x2-150x
4% -8x-40
4x*-8x-40
0

Concentrating on the quotient and using the
material from the previous sections, we have

R(x)=4x3- 122 -15x-4
R-x)=—4x>- 122+ 15x-4
So R(x) has exactly one positive root and two or

. . . 1
zero negative roots. Possible rational roots are: £,

1, 41,42, 4,
Checking for the positive root first,
4l4 12 15 4

16 16 4

4 4 1|
Factoring the resulting polynomial
&24+4x +1=0 = x+1)%=0

24120 =  Z=-l = x=-3
So the zeros of P(x) are: -1 -3i,-1 + 3{, 4, and
-%. where-% has multiplicity 2.
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Section 3.5 Rational Functions

Key Ideas

A. Domain and intercepts of rational functions.

B. Arrow notation and asymptotes.

C. Multiplicity of factors and its effect on asymptotes.

D. Slant asymptotes.

E. Vertical asymptotes and end behavior on graphing devices.

A. A rational function is a function of the form r(x) = g(% where P and Q are polynomials. The

domain of r(x) is the set of real numbers where Q(x) # 0. The x-intercepts are the real numbers
where P(x) = 0. The y-intercept is r(0), provided O is in the domain of r(x).

1. Find the domain, the x-intercepts, and the 2%+ 5x +2
224542 | =200

y-intercept of the function r(x)= 2 1lre24
(24 Dx+2) Factor numerator
T (x=-3)(x-8) and denominator.

Domain: x#3,x#8 (denominator #0)

x-intercepts: x = -% and x = -2 (numerator = 0)
y-intercept: r(0) = -224- = ‘1'15

2. Find the domain, the x-intercepts, and the 452 -6x
x4+ 5xi-6x 1) = 9
y-intercept of the function #(x)= -—-;2—9— -
_Xx+6)(x -1 Factor numerator
T (x=)N(x+3) and denominator.
Domain: x#3, x#-3 (denominator #0)

x-intercepts: x =0, x=1andx = -6
(numerator = 0)

y-intercept: (0) = g-- 0

B. The arrow notation in the table below is to help determine the behavior of a function around holes
in_its domain (vertical asymptotes) and end behavior.

Symbol Meaning

xoa x approaches a from the left x goes towards a with x < a
xoa' x approaches a from the right  x goes towards a with x> a
X = —oo x goes to negative infinity; that is, x decreases without bound
X oo x goes to infinity; that is, x increases without bound
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The line x = a is a vertical asymptote of the function y = f(x) whenever y = oo or y = —0 as x
approaches a from either the right side or the left side. Vertical asymptotes occur where the
denominator equals zero. The end behavior of the rational function

gnx"-ran_l,\"" +0e +a|x1 +a,
b A"+b e wbxt 4 by
numerator and denominator. There are three cases.

is completely determined by the leading terms of the

Case 1. n<m, In this case, the denominator goes to infinity faster than the numerator does.
Soy—> 0asx— —oand x & . Soy=0isahorizontal asymptote.

a a
Case2. n=m. Inthiscasc,y—)iasx-)—ooandx—wo. Soy=z"isahorizontal

m m

asymptote.
a
Cases 3, n>m. Here the end behavior is the same as the end behavior of y = -I-)“'x” “M_ (See
m

slant asymptote in 'D' section for more information about this case.)

?-4 First factor the numerator and denominator to find

3. Sketch the graph of the function y = 2-2:-3 || the domain, x-intercepts, y-intercepts, and

104

asymptotes.

P-4 (x=2(x+2)
Y= Poun-3" (x-3)x+1)
Domain: x# 3 and x # -1
Vertical asymptotes: x=3andx =-1
x-intercepts: x =2 and x =-2

. 4 4
y-intercepts: y=3=3

1
Horizontal asymptote: y=7=1

Since n = m = 2, both the numerator and the
denominator have the same degree so the
horizontal asymptote is the ratio of the leading
coefficients. *




4. Sketch the graph of the function
_ £-3 4+
S

First factor the numerator and denominator to find
the domain, x-intercepts, y-intercepts, and
asymptotes.

234 x@-2a-1)

Y2780 T A
Domain; all real numbers; the denominator does
not factor.

Vertical asymptotes: none
x-intercepts: x =0,x =2andx =1

. 0
y-intercepts: y = | = 0

Horizontal asymptote: y =0, since n<m

A

C. In the same way that multiplicity influences how the graph of a polynomial behaves around zeros,
multiplicity of the zeros of the numerator and the zeros of the denominator affect the graph of a
rational function. If a factor occurs an even number of times, then the graph stays on the same
side of the x-axis near the value of x corresponding to that factor. If a factor occurs an odd number
of times, then the graph changes sides of the x-axis at that factor.

S.  Sketch the graph of the function y= P%

I e
Y= 2.9 T (x-3)(x+3)
Domain: x#3and x #-3
Vertical asymptotes: x =3 and x =-3. Both roots
are multiplicity one, so the graph changes sign at
each asymptote.
x-intercepts: x =0 This is a root of multiplicity
two, so the
graph does
not change
sign here.
y-intercept:
y=0
Horizontal
asymptote:
y =
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2_ 2_ _
6.  Sketch the graph of the function y= %22 y= * 7 2 = (x 43);; +3)
X
Domain: x#0

Vertical asymptotes: x=0. This is a root of
multiplicity two, so the graph does not change sign
at this asymptote.

x-intercepts: x =3 and x =-3.  Both roots are
multiplicity one, so the graph changes sign at each
x-intercept. '

y-intercept: None, 0 is not in the domain.
Horizontal asymptote: y =1

- 1
P(x) _ 4 ) + - +a]x +ao

Q@) ~ p map ™ Vi bl 4

r(x) = D(x) + %(% where the degree of R(x) < the degree of Q(x). If D(x) is a polynomial of

degree 1, then D(x) is a slant or oblique asymptote. This means that as lx| gets large, the graph
of y = r(x) behaves like the graph of y = D(x).

D. When n>m in r(x) = , we use long division to write

3 3

7. Sketch the graph of the function y = i{ 4lx y= 22— ‘;x =“((;:12))(§:12))
Domain: x#-land x#1
Vertical asymptotes: x=-1and x=1. Both
multiplicity one.
x-intercepts: x =0,x = 2, and x=-2. All three
are multiplicity one.
y-intercept: y=0
Slant asymptote: y =x since

x'-4x SR T 4

Y= 2a

Somolmw

Y S S

......

.............

HEE T
J e S e Y TP

»

......

cembees
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E. Some graphing calculators and computer graphing programs do not graph function with vertical
asymptotes properly. Sometimes vertical asymptotes will appear as vertical lines. Other
problems are caused by viewing rectangles that are too wide. In this case, vertical asymptotes
might disappear altogether. However, wide viewing rectangles are useful in showing horizontal
asymptotes as well as other end behavior. The key is to use a variety of sizes of viewing
rectangles to determine vertical asymptotes as well as end behavior.

Graph each rational function in the given viewing
rectangles. Determine all verticai and horizontal
asymptotes from the graphs.

Sx +7
a y=

x-3

["5’ S] by ["200 20]
[-50, 50] by [-1, 10]

[-5, 51 by [-5, 5]

[~20, 20] by [-5, 5]

[-5, 5] by [-20, 20]

[-50, 50] by [-1, 10]

Vertical asymptote: x =3
Horizontal asymptote: y =5

[-5, 5]1by [-5, 5]

(<20, 20] by [-5, 5]

Vertical asymptote: x=0
Horizontal asymptote: y =0

s

o|
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c)

8+ 3x+ 274
y = 9 _x2 ["5' 5] b)’ ["5’ 5]

[=50, 50) by [-5, 5]

Graph the rational function in appropriate
viewing rectangles. Determine all vertical and
horizontal asymptotes, x and y-intercepts and all
local entrema correct to two decimal places.

_ I+ x-4
Y= P-sx+6

1SZR
N

[-50, 50) by [-5, 5) [———— EV )

Vertical asymptotes: x=-3and x=3
Horizontal asymptote: y=-2

o

(-5, 5]1by [-5, 5]

[-10, 10] by [-10, 10]

.

w n-lnnn“

[-100, 100] by [-5, 5]

N~
WU |

heladendudendadadanddad]

Vertical asymptotes: x=2andx =3
Horizontal asymptote: y =3
x-intercept: x =-1.33 and x=1.00
y-intercept: y=-0.67

Extreme point is at (0.37, -0.75)

s

[0, 1] by (-2, 0]




10.

Graph each rational function in an appropriate
viewing rectangle. Determine all vertical
asymptotes. Then graph f and g in a sufficiently
large viewing rectangle to show that they have
the same end behavior.

3 g2
0 o = SR

gx)=x+17

X-x+12
x+4

b flx)=

gx)= P -4x +15

(-5, 5] by [-10, 10]

Vertical asymptotes: x=-1and x=1
[-20, 20] by [-20, 20]

b A A

/

x+2

fx) =x+7+ 21

{-10, 10) b_y {-10, 10}

E

Vertical asymptote: x= :Z
[-20, 20] by [-10, 200]

{-20, 20] by [~10, 200}

_ .2 8
fix) =x -4x+15-—x+4
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Chapter 4

Exponential and Logarithmic Functions

———

Section 4.1 Exponential Functions

Section4.2  The Natural Exponential Function

Section 4.3 Logarithmic Functions

Section4.4  Laws of Logarithms

Section 4.5 Exponential and Logarithmic Equations

Section 4.6 Applications of Exponential and Logarithmic Functions




Section4.1 Exponential Functions

Key Ideas
A. Exponential functions and their graphs.

A. For a > 0, the exponential function with base a is defined as f(x) = a* for every real number x.
The value of the base determines the general shape of the graph of f(x) =a*. For0<a <1, the
graph of f(x) = a* decreases rapidly. When a = 1, f(x) = 1* = 1 is a constant function. And for
a > 1, the function f(x) = @* increases rapidly. Remember:

11 - 1\* - . i
al= 5508 T = (;) = ?l‘;, aO = 1, and a positive number to any power is always positive.

As a result, the domain of f(x) = a* is the real numbers and the range is the positive real numbers.
1. Sketch the graphs of f(x) = 2* and g(x) = (%)’ Since =2, g(x)= (%)’ = ('Y =2%
on the same axis.

gn=2 L, f=2"

..... .o

2. Sketch the graphs of f(x) =3 andg(x) =5* on || f(x)=3* and g(x) = 5*.
the same axis.
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3. Sketch the graph of y = 3* and use it to sketch First graph y = 3*.
the graphs of y =-2+3* and y=4 - 3" (all on || To graph y = -2 + 3" start with y = 3* and shift

the same axis). the graph vertically 2 units down.
To graph %
y=4-3%start
with y = 3%,
first reflect the
graphof y = 3*
across the x-
axis, and then
shift the result 4
units up

4. Compare the rates of growth of the functions
fx) =25, ) =x>, hx) = 2:;5:
a) Draw the grows of all three functions in the
following viewing rectangles.
@ [0, 5]by [0, 100] g fx)

h(x)
@) [0, 20] by [0, 2000] _f) g0  hx)
(iii) [0, 40] by [0, 20000] f&)  Hx)  gx)
b) Comment on the rates of growth. Although, g(x) starts out larger than f(x) and A(x),
these two functions quickly over take and pass

8(x).
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Section4.2 The Natural Exponential Function

Key Ideas

A. Natural exponential function.
B. Compound interest.
C. Exponential growth.

1
A. As n becomes large, the values of (l + ;J' approaches an irrational number called e,

e = 2.71828. The function f(x) = €* is called the natural exponential function. Its domain is the
real numbers and its range is the positive real numbers.

1. Complete the table and graph the function

fix) ==2¢".

x| fx)=-2e" x| fix)=-2¢"
3 3 | -010
=2 -2 027
-1 -1 -0.74

0 0 2

1 1 =544

2 2 -14.78

3 3 -40.17

B. If an amount of money, P, called the principal, is invested at a rate of r, compounded n
compounding periods per year, then the amount of money after ¢ years is given by

nt
A= P(l + f;) . The rate i is the rate per compounding period and nt is the number of

compounding periods. As the number of compounding periods per year become large, the valve of
the amount approaches A = Pe" called continuous compounding of interest.
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Compare the amount after 5 years when $1000 is

invested in each type of account.
a) 10% compounded monthly.

b) 9.9% compounded weekly, assuming 52
weeks per year.

¢) 9.9% compounded continuously.

How much money needs to be invested in an
account paying 7.8% compounded monthly, so
that a person will have $5000 in 5 years?

0.1
| A=1000(l+ 2

| So P=

P=1000, r=0.1,n=12,t=5

n
| a=p 1+5)
! n

(12)5)

= 1000(1.008333333)5°
= 1000(1.645308934) = 1645.31

A =$1645.31

P=1000, r=0.099,n=52,¢t=5

n
A= P(l + C)
n
(525)
=11 022)

= 1000(1.001903846)%°
= 1000(1.639726393) = 1639.73

| A=$1639.73

P=1000, r=0.099, =5

| A=Pe"
A= lw)e(om)(fl) = lmeo.m
= 1000(1.640498239) = 1640.50
| A=$1640.50
r n
A= P(l + ;) . Solve for P.
A

| UsingA = 5000,r=0078,n=12,1 =5

50 _ __5000
= 008 269 = (1.0065)%®
M7

| p=$3380.56



C. A population that experiences exponential growth increases according to the formula
n(t)=nye ! where n, is the initial size of the population, r is the relative rate of growth

(expressed as a proportion of the population), ¢ is time, and n(#) is the population at time ¢.

4. Under ideal conditions a certain bacteria
population is known to increase at a relative
growth rate of 7.8% per hour. Suppose that there
are initially 2000 bacteria.
a) What will be the size of the population in 18 || »(r) = n, et

f’
houes? n(18) = 2000 ¢ @97 (18) 000 144 _ gj43

There will be about 8100 bacteria in 18 hours.

b) What is the size after 15 days? n)=n, P
n(24-15) = 2000 ¢ 0078 2413 - 3000 (2%
= 3.1334 x 10

There will be about 3.1334 x 105 bacteria in 15
days.



Section 4.3 Logarithmic Functions

Key

Ideas

A. What is a logarithm?
B. Graphs of logarithmic functions.
C. Natural and Common logarithms.

A.

For a # 1, the inverse of the exponential function f(x) = a* is a function called logarithm, written
as g(x) = log, x. The function log x is read as 'log base a of x'. Solog, x is the gxponent to

which the base a must be raised to give x.

Logarithmic Exponential
Form Form
- )
log g =Y a =x

1. Express the equation in exponential form.

In both forms, a is called the base and y is called the exponent. It is often useful to switch
between the different forms of the definition. Notice that log 1 =0 and log a = 1.

a) log,64 =3 log,, 64 = 3 = 4 = 64
b) logs0.04 = -2 log 004 = 2 & 5% = 0.04
o log u3 =2 log w=>2 o 952 = 243
9 2 9 2
¥= 243
2. Express the equation in logarithmic form.
3.
a) 6 =216 | 6° = 216 = logg 216 = 3
s _ 1 sn _ 1 1_3
8 § =3 8- =% At logg 3 =-3
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Evaluate.

a) logg25 logg25=2
since 5% =25

b) log2 (%) log2 (%): -3

since 2'3 =

Qo | »—

c) log
27=-3

0 "0

N
since (3) =33=27

Use the definition of the logarithmic function to

find x.
2 logyx=4 log, x = 4 & x=34=8I
b) log, 121 = 2 g 121 =2 & 121 = x2

Since x >0wehavex=‘j121 = 11

c) log 25 =x 1\*
(1/5) = =Y =

1\* 2
(g) =25 = s%=5 =
x=2 = x=-2
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B. The domain for f(x) = log x is the positive real numbers and the range is the real numbers. As
with exponential functions, the graph of y = log x is directly dependent on the value of a. The

graphs of f(x) =log,x and f~ l(x) = &* for various values of a are shown below.

=5 X

i Y E

copeosfoanirecspreshrocforagrrodhorcpecngocedes

5. Determine the domain and range for Domain: x-2>0
f(x) =log, (x - 2). Sketch the graph of y = f(x). x>2.
Range: (=00, ©0)

6. Determine the domain and range for Domain: Since x2 + 1 2 1 for all x, the domain is
f(x) = logs (* + 1). Sketch the graph of (~o0, o),
y = f(%). Also since x2 + 12 1, logg 2+ l)Zlogs 1=0,

so the Range is [0, <o), the nonnegative reals.
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C. The logarithm with base e is called the natural logarithm and is given a special name and
notation, log,x = In x. The logarithm with base 10 is called the common logarithm and given

an abbreviated notation, log, x = logx.

Inx=y < e =x and logr=y & 100 = x
These logarithms have the following properties.
Property Reason
Inl1=0 We must raise e to the power 0 to get 1.
Ine=1 We must raise e to the power 1 to get e
Ine*=x We must raise e to the power x to get ¢*
M F=x In x is the power to which ¢ must be raised to get x

7. Find the domain of f(x) =In(x + 2) + In(3 - 2x).
Draw the graph of y = f(x) on a calculator and
use it to find the asymptotes and local
maximums and local minimums.

Since the input to a logarithm function must be
positive, we have

x+2>0 and 3-2x>0
x>=2 3I>2x
3
3

So, the domain is -2 < x<3.
Use the domain for the viewing rectangle:

(-2, 1.5] by [-8, 2]

3
Vertical asymptotes are at x = -2 and at x=3.

Local maximum approximately at (-0.25, 1.812);
no local minimum.
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Section 4.4 Laws of Logarithms

Key Ideas

A. Basic laws of logarithms.
B. Common errors to avoid!
C. Change of base.

A. Suppose that x >0, y > 0, and r is any real number. Then the Laws of Logarithms are:

1. log,(xy) = logx + log,y The log of a product is the sum of the logs.

2 log a(;-‘) =log,x - log,y The log of a quotient is the difference of the logs.

3. log a().’) =rlogx The log of a power of a number is the exponent times
the logarithm of the number.

1. Use the Laws of Logarithms to rewrite the
following expression in a form that contains no
logarithms of products, quotients, or powers.
a) log, log 9% = log,9 + log ,x
The log of a product is the sum of the logs.

b) log 5 (2;') log 5 ('i—‘) = log, (2x) - logsy

= logS 2 +logg x~logcy

¢) log:,)x“y3 log3x“y3 = log3x4 + log3 y3
=4 logsx + 3log3y
16w’ 3
4 logyf log, 13—6£ = log,(16w") - log 4(@)
vy £

=log16 + loggw’ - %lo&(xzy)
= log 416 + log“ws - %log‘t -% log4y

=2 + Slog w- %log‘t -':l; log,y
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B. There are several common mistakes that you need to avoid, which are the following:

1. log,(x +y) # logx +log,y log (x +y) cannot be simplified!
log x The log of a quotient is not the same as the
2 log .y # log - log,y quotient of the logs.
r Here the exponent is applied to the entire
3 (logd”) Fr log x function log x, not just the input x.

2. Use the Laws of Logarithms to rewrite each of
the following as a single logarithm.

2 7

.

1
b) 2log;ox + 3logwy - §l°g|08 2log|0x +3log ;v - %logws

= log 2 logwy3 - loglo\lg

)

) 4loggx +2-loggy - 2logw 4loggx +2 - logsy - 2log sw
= log 5"4 +logs25 - logsy - log Sw2

g (2)

C. Since most calculators only have the common log and natural log functions, it is important to be
log X
log b

This allows us to evaluate a logarithm of any base (provided the base is greater than 0 and not
equal to 1). The change of base formula can also be expressed as log b - log,x = log x. Of

logx
logb

able to change the base of a logarithm. The change of base formula is given by log,x =

or log,x = nx which allows us to use our calculators

particular importance are: log,x = Inb

to find the logs of uncommon bases.
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30

Evaluate log 7 to six decimal places.

4. Simplify (log38)(log87).

Using common logs:
log _log7 _ 0.84509804
6" "log6 0.778151250
Using natural logs:
In7 1945910149

logg7 =116 = 1.791759469 = 1:086033

= 1.086033

Applying the change of base formula.

(log38)(log87) = log,7



Section 4.5 Exponential and Logarithmic Equations

Key Ideas

A. Exponential equations.
B. Logarithmic equations.

A. Guidelines for solving exponential equations:

exponent."
3. Solve for the variable.

1. Isolate the exponential expression on one side of the equation.
2. Take the logarithm of each side, then use the Laws of Logarithms to "bring down the

1. Solve for x.
H+log

2. Solve x°¢ +3x¢ =45

3. Use a graphing calculator to solve e * = 5¢* to
two decimal places.

We take the logarithm of each side and use Law 3.

a3

log, (2“ + ') = log, 32

log, (2% *+1) = 1og, 2
(3x + l)log2 2=5 Iog2 2

+1=5§
=4

W I

X=

Of + 3% =4’

CE et -af =0
(P +3x* -4 =0
P2 +3x-4)F =0
Cx+Hx-1) €& =0
£=0 x+4=0
x=0 x=-4
Solution: {0, 4, 1)

Note: e*#0 Since e*> 0.

First set equal to zero:
& = 5¢* & -5¢=0

take log of each side

Apply Law 3 (bring
down exponent )

definition of log
Subtract 1

divide by 3

Factor out the €*.

Now graph f(x) = ¥ - S¢* and find where it

intersects the x-axis.
Solution: {1.61)

(-2.2] by [-2,2]
)F

I

N

]

Note: A larger viewing rectangle shows that f(x)
approaches the x-axis, but it does not touch the axis.
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4. Use a graphing calculator to solve xe* =3z =0 || Graph f(x) = x¢* - 3x® and find where it intersects
to two decimal places. the x-axis.
Solution: {-0.46, 0, 0.91, 3.73 }

(-1.4] by [-2, 2]

S. Solve the equation 41 =, F-l =

P

m& ! =2x-1= ln(%) take In of both sides

7
2t=l+ln(4)

11
x=2+2ln(D = 1.06

6. Solve the equation e* -4¢ +3=0. We factor.
& -4&+3=0
(¢-1)(#-3)=0
&-1=0 f-3=0
=1 £=3
x=0 In(¢)=In3
x=In3

Sox=0o0rx=In3

B. Guidelines for solving logarithmic equations:

1. Isolate the logarithmic term on one side of the equation; you may need to first combine the
logarithmic terms.

2. Write the equation in exponential form (or raise the base to each side of the equation).

3. Solve for the variable.
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7. Solve for x.
log5 62-x)=3

We rewrite the equation in exponential form.
log (62-x)=3

62-x=5° exponential form
62-x=125
x=63

=-63

| Check:
| log (62 - (-63)) = logg 125 =log, 5*=3 ¥

We need to convert to a common base. Since

8. Solve for x logsx + loggx = 6
9 =32, we convert log,x to base 9.

Since (Iog9 3)(Iog3x) = logy xand logy 3 =% ,

we have

0g
—iLj}loga x) +loggx=6
2

: 21039x+log9x=6
] loggx=6

; loggx=2

| Sox=9=8

| Check: ,
log3(81) + log9 @B1)=6

d log, (81) + logy (81) = log, (3*) + logy (9%)
=4+2=6

Solution: {81}
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9. Solve the equation logs(x +2)+ logs(x +5)= % logs(x +2)+ logg(x +5)= %
2
logg(x +2)(x + S)= 3

logg(* + 7x + 10) =§

2
log (2 +7x + 10) (-)
8( 8 )=8 3 =4

2+Ix+10=4

2+ +6=0
(x+6)(x+1)=0

x+6=0 x+1=0
x=-6 x=-1

Check: x =-6:
07

*2
log((~6) + 2) + logg((-6) +5) =3
logg(-4) and logg(-1) are not defined, so x=-6is
NOT a solution.

Check: x =-1:
7

logg((~1) +2) +logg((=1) +5) .=§

logg1 + log g4 =logg =% v

Solution: { -1}



Section 4.6  Applications of Exponential and Logarithmic Functions

Key Ideas

A. Compound Interest.

B. Exponential growth and radioactive decay.

C. Newton's Law of Cooling.

D. Logarithmic scales: pH, Richter, decibel scales.

A. If an amount of money, P, called the principal, is invested at a rate of r, compounded n
compounding periods per year, then the amount of money after ¢ years is given by

nt
A= P(l + % . The rate i is the rate per compounding period and nt is the number of
compounding periods. As the number of compounding periods per year become large, the value of

the amount approaches A = Pe™, called continuous compounding of interest.

1. Karen placed $6000 into a retirement account N
paying 9% compounded quaterly. How many A P(l + )

ears will it take for this account to reach
33,25,000? Using A = 25000, P = 6000, r = 0.09, and n = 4,

findt.
4
25000 = 6000(1 + %) = 6000(1.0225)*

4166667 = (1.0225)™
In(4.166667) = In(1.0225)* = 4t In(1.0225)
_ In(4.166667) -
= “2in(1.0225) ~ 16:03 years
Note: Since interest is paid at the end of each
quarter, we move up to the next quaser and ¢ is

1
16 7 years.

2. How much money needs to be invested in an Solve for P.

account paying 7.8% compounded monthly, so || N A
that a person will have $5000 in 5 years? A= P(l + ) So P=—"—12
r
(+)
n

Using A = 5000, r=0.078. n=12,t=5

5000
( 0073 ('2><5> = (1.0065)%

P = $3389.56
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B. Logarithms are used to extract the power in exponential functions. This is an especially useful
tool when the exponent contains the unknown variable.

3. At a centain time, a bacteria culture has 115,200 || ,(;) = "0‘”
bacteria. Four hours later the culture has _ _
1440,000 bacteria. How many bacteria will be || "¢ ¢ Po = 115200 and r=4tofind r.

. S 9
in the population in 15 hour? 2500000 = (115200) ¥

4r- 25m=
€= 12 21.70
4r = In(21.70) = 3.077
r = 0.769.

Thus n(15) = (115200) 769015 - 1184 X 101

C. Newton's Law of Cooling states that the rate of cooling of a object is proportional to the
temperature difference between the object and its surroundings, provided that the temperature
difference is not too large. It can be shown that T(r) = T + Doe'kt where T is the temperature of

the surrounding environment, D is the initial temperature difference, and k is a positive constant
that is associated with the cooling object.
4. A bowl of soup that is 115°F is placed in an air-

conditioned room at 70°F. After S minutes, the

temperature of the soup is 100°F.
a) What is the temperature after 10 minutes? First find k. Now T(5) = 100°F, T, = 70°F, and D,

=115 - 70 = 45°F. Substituting into
T0)=T, + De™
100 = 70 + 45¢75*

30 = 45¢>*
2_ st
3

e
2
2
In 5)
5

So T(1) = 70 + 45¢~0%!¢
Now find T(10).

T(10) = 70 + 452981 (0) L 99 o1oF.

k=- = (.081

128



b) How long will it take the soup cool to 80°F? || Find ¢ so that T(¢) = 80. Substituting into
T(r) = 70 + 45¢~ 0081
80 = 70 + 45¢70%!*
10 - 45 e-0.081t

= e—O.(Blt

~0.08ls = m(%)
2

n(3)

= 0081

oI

= 19 minutes

D. Logarithms make quantities which vary over very large ranges more manageable. Three
commonly used logarithmic scales are:

1. pH scale: used to measure acids and bases.
pH = the negative of the logarithm of the concentration of hydrogen ions measured in
moles per liter.

2. Richter scale: used to measure earthquakes.
M =log é = log/ - logS, where I is the intensity of the earthquake and S is the intensity
of a "standard” earthquake.

3. The Decibel scale: used to measure loudness of sounds.

=10 log;’- » Where [ is a reference intensity of 10~ 12 % at a frequency of 1000
0

hertz.
5. The hydrogen ion concentration of a shampoo is || pH = -log(8.2 X 10%)
$ .
82X 108, Findits pH. =-(log(8.2) + log(107®))
=-(091-8)=7.09
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6. On October 17, 1989, the Loma Prieta M =logl-logS => M +logS = log/
Earthquake rocked the Santa Cruz mountains. (M + logS)
Researchers initially measured the earthquake as || So, /=10 =510M
6.9 on the Richter scale. Later, the earthquake
was re-evaluated as 7.1 on the Richter scale. Comparing the two intensities, we have
How do the two measures compare in intensity?

11
g:g@ =10"1-62-1092 = 1.58

So a 7.1 earthquake is 1.58 times more intense
than a 6.9 earthquake.

7. Find the intensity level of a computer speaker
system if the system is advertised to deliver 30 Using the formula for decibel intensity level, we

watts/m? at a distance of one meter from the see that the intensity level is
speaker. I 3X 10
B=10log7,=10log =7
Iy 10
= 10 log(3X 10'%)
=10-13-log3
= 130 - 04771
= 62dB
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Trigonometric Functions of Real Numbers
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Section 5.1

The Unit Circle

Key Ideas

A. Unit Circle.
B. Terminal points on the unit circle.
C. Reference numbers.

A. The unit circle is the circle of radius 1 centered at the origin in the xy-plane. Its equation is
given by P+ y2 =1

1.

132

Show that each point is on the unit circle.

» (39

Find the point P(x, y) on the unit circle from the
given information

a) x-coordinate is %and Pisinthe IV
quadrant.

b) y-coordinate is :l and P is in the ITI
quadrant.

¢) x-coordinate is negative and the

y-coordinate is %

() ()33

Since the point satisfies the equation 2+ y2 =1
it is on the unit circle.

0?2 L
(‘61 ¥ 3721 M7 Th

| Since the point satisfies the equation x? + y2 =1
| it is on the unit circle.

VAN »
10 +y 1 = l(X)+y-1
2_,_ 8 _ 5L _1_451
Y= 17100 T 100 Y= 0

Since P is in the IV quadrant, the y-coordinate is

negative and P is (;:) 131 '

9 2
12+(-41 =1 x2+1681-l
8 1600 ©
Ael- i = e = =iy

Since P is in the IIl quadrant, the x-coordinate is
9 9
negative and P is a4



B. The terminal point determined by the real number ¢ is the point a distance ¢ along the unit circle
found by starting at the point (1, 0) and moving in a counter-clockwise direction when z > 0 and
in a clockwise direction when ¢ < 0.

3 4 L3 L
t 0 6 4 3 2
Terminal point «, 0) ﬁ 1 ﬁ ‘I_E 1 ‘1_3 © 1
determined by ¢ 22 22 2" 2

3. Find the terminal point on the unit circle
determined by the real number ¢

In
a = 2
b) t=5n

4. Suppose that the terminal point determined by ¢
is the point (— %, %) on the unit circle. Find

[

-

Y

N

-

¥

the terminal point determined by:

a =n-t

b) n+¢

K ]

The solution to these problems is found by drawing
t on the unit circle.

(0’ "l)

'Y

/4R
N,

%

(-1, 0)

As in the previous problems, it is helpful to draw ¢
on the unit circle.

By drawing the point ¢ and then %t - ¢ on the same
unit circle, we find that ¢ and

nt-¢ have the same y-coordinate.

The terminal point determined by Von-t
n — ¢ lies in quadrant 1, so its

rd‘ tC -§- -1.-2.
coordinates are BBl

By drawing the point ¢ and then
% + ¢ on the same unit circle,
we find that the terminal

point determined by & + ¢ is

in quadrant. IV, so it
coordinates are

3 12
B3B)




C. Let t be a real number. The reference number ¢ is the shortest distance along the unit circle

between the terminal point determined by ¢ and the x-axis. S0 0<¢t <

2
5

5. Find the reference number determined by the real || First plot the relative position of ¢ on the unit

number ¢
in
Q) t=- 4
y
1t
b) t = 6
'Y
¢c) t=4
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circle. Then find the reference number.

Since the terminal point determined by ¢ is in
quadrant II,

- %
t=%

-1
]
R A

SincenStslzn'

! =4-x=0858




Section 5.2  Trigonometric Functions of Real Numbers

Key Ideas
A. Definition of the six trigonometric functions.

B. Signs and properties of the trigonometric functions.

C. Fundamental identities.

A. Let ¢ be a real number and let P(x, y) be the terminal point on the unit circle determined by ¢.

We define the trigonometric functions:

sint=y cost=x tant:f (x#0)
csct:i- y=#0) sect=% (x#0) cott:’i y=#0)
Because the trigonometric functions are Function Domain
defined on the unit circle they are also sin, cos all real numbers
referred to as the circular functions. The tan, sec all real numbers other than
domains of the six trigonometric functions are T .
given in the table to the right. t =75 + nx for any integer n
cot, csc all real numbers pthcr than
= nx for any integer n
1. The terminal point P(x, y) determined by ¢
. V6
is (\[T; -\[Tg) Find all six trigonometric sinf = -7~
functions.
cost = 113—;
Y6
tant = 'i = —J—; = - '\[;
V3 3
3
sect = ;/']: =3
3
3
csct = L. ‘l—;
6
-3
AK}
cott = 2. ﬁ = - ﬂ
Ve Vo 2
3
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2. The terminal point P(x, y) determined by ¢ is

(2, % ' Find all six trigonometric functions.

In Problems 3 and 4, find the approximate value of the
given trigonometric function by using (a) the figure and

(b) a calculator.
3. cosl3é4

4. tan5.2
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N
st =
5
2
COSI-S
va
R
tant = 2 =7
5
15
3001—2—2
5
2
corf o oo L
Ya Va 2
5
P N )
Ya 2
5

(a) cos 3.4 =-094

(b)

cos 3.4 = -0.9365

-0.88
(a) tanS54s= 048 = -1.83
tan 5.2 = -1.8856

(b)




B. To compute other values of the trigono-
metric functions we first determine their
sign by quadrant. This information is
shown in the table to the right. The sign
and reference number coupled with the

Quadrant Positive functions Negative functions

I
I
m
I\

all none

sin, csC cos, sec, tan, cot
tan, cot sin, csc, cos, sec
COS, SeC sin, csc, tan, cot

even-odd properties shown below are used to find the trigonometric values for any real number ¢.

sin(-f) =-sin ¢
csc(—t) = —csc ¢t

cos(-t) = cos t
sec(—t) = sec ¢

tan(-t) = —tan ¢
cot(=t) = —cot ¢

5. Find the sign of the expression if the terminal
point determined by ¢ is in the given quadrant,

a) cos’tsin ¢, quadrant II

b) sin¢ tan ¢, quadrant III

6. Find each value.:

. O
a) sm3

In
b) tan6

7. Use the even-odd properties of the trigonometric

functions to determine each value:.

) cos(-g)
b) sin(— g)

cosine is negative, sine is positive, so the sign of
cost sin ¢ is determined by (<) 2(+), which is
positive.

sine is negative, tangent is positive, so the sign of
sin¢ tan ¢ is determined by (~)(+) which is
negative.

The reference number for 5?1‘ is ;-t Since 5?” is in

quadrant IV, sin %’E is negative. Thus

ey

S
Slll3 --sm3--

The reference number for Zét' is % Since 7—:' is in

quadrant III, tan %" is positive. Thus

L~
tan " =

adhey

A
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The trigonometric functions are related to each other through equations called trigonometric
identities. An important class of identities are the reciprocal identities:

i cos ¢
csct=—.-1— scct=L' cott=—l'— tant=’§l-n'£ cott=—‘.)—'
sin ¢ cos t tan ¢ cos ¢ sin ¢
Another important class of identities are Pythagorean identities:
sin?t + cost = 1 tan’t + 1 = sec’t 1 + cot’t = cscit

Note the usual convention of writing sin"t for (sin £)" for all integers n gxcept n = -1, that is, the
exponent is placed on the trigonometric function.

8. Find the values of the trigonometric functions of ¢
for the given information.

a) cost = % , where ¢ is in quadrant IV. We find the easy one first: sect = %
2 2
S

Next find sine, sin ¢t < 0: sin“t + cos“t = 1

15 8 8‘]15
Sosmt:-T =>csct=-——=-T
\hs
tant = - = cott:‘l—---7—--lé
tan ¢ 1
b) 1-2—§ h t is in quadrant 11 We find th ft"t-—l"'-l
csct = 7,were is in qu . e find the easy one first: sin =l =B
Next find cosine; sinkt + cos¥t = 1

2
(—;—) +coskt+ =1 =
2 _ ¥ 576 _.u
cosr-1—6--"25-'-—625 = cost-:t”

Since ¢ is in quadrant II, cos 1 < 0, so

L
cost = -

‘___L._ 25

SCt = ost = "%
1

tan .5 _ 1

t = T
i

1 24

cott = — =-=

-
g
-
~)



c) cott = 3, cost<0. Since cos ¢t <0 and cot ¢t >0, ¢tis in III quadrant.

1

1
We find the easy one first: tant = cot? - 3

Use the Pythagorean identity to find csc ¢
1 + cot’t = csckt

csct=1+062=10 = csct =-VI0

L Yo

SInt = et T _\/T(')": 10

We find cos ¢ using the reciprocal identity,

cos ¢ .
cott = —— = cost = cot ¢ sint.
sin ¢

Socost = cott sint = (3)(—-—10ﬂ ' = -—1612




Section 5.3  Trigonometric Graphs

Key Ideas

A. Periodic function and graphs of the sine and cosine functions.
B. Graphs of transformations of sine and cosine.
C. Using Graphing Devices in Trigonometry

A. A function f is periodic if there is a positive number p such that f(t + p) = f(z). The least
positive number p is called the period of f and the graph of f on any interval of length p is called
one complete period. Sine and cosine each have a period of 2r. The graph of the sine function
is symmetric with respect to the origin. The graph of the cosine function is symmetric with
respect to the y-axis.

1.  Sketch the graph of the given function.

a) f(x) = 2sinx The graph of f(x) is the same as the graph of sin x,
but multiply the y-coordinate of each point by 2.

b) g(x) = 3-cosx The graph of g(x) is the reflection of cos x shifted
up 3 units.
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In Problem 2 and 3 determine whether the function whose
graph is shown is periodic and, if so, determine the period

from the graph.
2 : Yes, the
period is: §2£
3 No, the function is not periodical.

B. The graphs of the functions of the form y = a sin k(x-b) and y = a cos k(x-b) are simply sine and
cosine curves that have been transformed. The number lal is called the amplitude and is the

largest value these functions attain. The number k (k >0) causes the period to change to Z_kn_

And b is the phase shift. When b > 0 the graphs are shifted to the right and when b < 0 the
graphs are shifted to the left.

In Problems 4 and 5, find the amplitude, period, phase
shift, and sketch the graph.

4. y = 3sin(3x-n) First transform the equation into y = a sin k(x-b)

()

Amplitude: 3
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) First transform the equation into y = a cos k(x-b)

5. y= 3cos(x+-
3cos(x +")
Amplitude: 3 t
Period: 2n
Phase shift: =
(left)

N a

C. As stated before, choosing the appropnate v1ewmg triangle is one of the most lmportant aspects
of using a graphing calculator. In general, a viewing rectangle should be only a few periods wide.

6. Use a graphing calculator to draw the graph of The solutions shown below are representations of
the function f(x) = sin 30x in the following what you should see on your graphing calculator.
viewing rectangles.

a) [-5,5)by[-2,2] Your graphing calculator should give one of these
two viewing rectangles.

b) [-0.2,0.2]by(-2,2]

7. Draw the graphs of f, g, and f + g on a common
viewing screen.
f(x) = 2x and g(x) = —cos x

Viewing rectangle {-6.5, 6.5] by [-10, 10]
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8. Graph the functions y = \Ix)-t-l , The functions y = VA2+1 and y = N2+l
y = -\/xz+l ,and y = \/x2+lsinx ona form a sleeve for the functiony = ‘Jx2+1 sin x

common viewing screen. How are they related? || whose graph lies between these functions.

Viewing rectangle: [-10, 10] by [-10, 10]

9. a) Use a graphing device to graph the function. || (a)
b) Determine from the graph whether the i
function is periodic and, if so, determine the i

pred ANNAPNANN
l d

sin 24l

y:

Viewing rectangle: [-10, 10] by [-2, 2]

(b) Yes, this function is periodic. The period is =.



Section 5.4 More Trigonometric Graphs

Key Ideas

A. Periods and domains of the tangent, cotangent, secant, and cosecant functions.
B. Graphs of functions involving tangent and cotangent.
C. Graphs involving secant and cosecant.

T
2
And the functions cot ¢ and csc ¢ are not defined at ¢ = nx, where n is an integer. The period of
tangent and cotangent is %t and the period of secant and cosecant is 27.

A. Recall that the functions tan ¢ and sec ¢ are not defined when ¢ == + nm, where n is an integer.

B. The functions of the form y = a tan k(x - b) and y = a cot k(x - b) are transformations of the
tangent and cotangent functions. As in Section 5.3, b is the phase shift, however, now the period

is To sketch a complete period, it is convenient to select an interval between vertical

asymptotes.

1. Find the phase shift and period. Sketch at least 3
periods of the given function.

1
a y= g ootx Phase shift: none
Period: =

b) y = tan3x Phase shift: none

., I
Period: 3
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C. The functions of the form y = a sec k(x - b) and y = a csc k(x — b) are transformations of the

secant and cosecant functions. Here b is the phase shift and the period is Zklt_ . As in other

trigonometric functions, it is useful to first determine the phase shift and period before sketching
the graph.

2. Find the phase shift and period. Sketch at least
one periods of the given function.

1 X
a y= y csc(i)

Phase shift: none

Phase shift: =
Period: 2n

Phase shift: none

Period: 232 : ..' PNY RO SO WS :. f....‘ weefeisn

c) y = -2csc(3x)
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Chapter 6

Trigonometric Functions of Angles

Section 6.1  Angle Measure

Section 6.2  Trigonometry of Right Triangles
Section 6.3  Trigonometric Functions of Angles
Section 6.4  The Law of Sines

Section 6.5  The Law of Cosines




Section 6.1 Angle Measure

Key Ideas

A. Degrees and radian measure.
B. Angles in standard position.
C. Length of a circular arc and area of a sector.

A. The measure of an angle is the amount of rotation about the vertex required to rotate on side to
the other side. One unit of measure for angles is the degree. One degree is 1/360 of a complete
rotation. Another unit of measure is radians, the amount an angle opens measured along the arc
of a circle of radius 1, its center at the vertex of the angle. The two measures are related by the
equations:

o _ _ (180° o_ (X
180° = 7 rad lrad = (1t 1° = (180) rad

Convert degrees to radians by multiplying by {-;3 .

Convert radians to degrees by multiplying by %Q

1.  Find the radian measure of an angle with the
given degree measure.

9 7 Multiply by 'l";% . We have

o _ = _
75° = 75 (180) rad = 12 rad

b) 300 Multiply by 7= . We have

300° = 300 (&) rad = 5;" rad

2. Find the degree measure of the angle with the
given radian measure.

sn L]

8 9 Multiply by (%) We have
Sw_sm 180\ _
9 =9 (1:) = 100

b) 5 °
Multiply by (%) . We have

180\° 900\° .
5=5(1t) =(1t) = 286.5
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B. An angle is in standard position if it is drawn in the xy-plane with its vertex at the origin and its
initial side on the positive x-axis. Two angles in standard position are coterminal if their other
sides coincide. The measures of coterminal angles differ by an integer multiple of 360° or 2r.

3. The measure of two angles in standard position
are given. Determine whether the angles are

coterminal.
a) -693°and27°. Do these angles differ by a multiple of 360°?
I-693 - 271 = 720 and 720 = 2-360.
So these angles are coterminal.
170 -19n Do these angles differ by a multiply of 2n?
b Tpad Ty
Un c-lomy| _36m o
-\ )| g =rrka

So these angles are NOT coterminal.

4. Find angles that are coterminal with the given
angle.

a 47° Here the key point is that two coterminal angles
differ by 360°. So the angles we seek are:
47° +n360° = 407°, 767°, 1127°, 1487°, ...
and
47° - n360°.= -313°, -673°, -1033°, -1393°, ... .

11n In this case, we use radians and the key point is
b) 6 that two coterminal angles differ by 2. So the
angles we seek are:
11n 23n 357 471 597

6t 6 6

Iir o _ =& -13x =251 -37x
=66 6 6 "

S. Find an angle between 0° and 360° that is Add or subtract 360° until the angle is between 0°
coterminal with the given angle. and 360°.

a) 992° Since 2-:360 = 720 < 992 < 1080 = 3-360, we
subtract 2-360 from 992.
992 - 720 = 222°

b) -75° Since -1-360 = -360 < -75 < 0 = 0-360, we add
360 to -75.
-75 + 360 = 285°
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6. Find an angle between 0 and 27 that is
coterminal with the given angle.

-1ln
a) 6

37n
b) 2

Add or subtract 27 until the angle is between 0
and 2m.

Since -2n < -—16l£ < 0, we add 2= and get:

div o clin 1w
6 "= "¢ *6 T 6

Since 37—2l = 18.5%, we subtract 9-(2%) = 18~.

3 _n
So 2 - 18n =3

C. In a circle of radius 7, the length s of the arc shown and the area A of

the sector shown are related to the central angle (given in radians) by

the formulas:

s=rb

A==r

1 29.

2

In these applications, it is important to first convert the angle measure

to radians.

7. Find the area A of the sector and length s of the
arc in each figure.

a)

b)

First express 204° in terms of radians.

o 17n
0 = 204° = 204 -~ 180 5
r is 8 in the figure
So,

=8 (”") Bﬁ ~ 28.48

=% 9= 3@ (”") B 3
n
From the figure, 8 = 2r - 6=

So,
s=r@ = 5(11—”) = §§£ = 28.80

A=37P0 = 3() (”") T . 7199
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Section 6.2 Trigonometry of Right Triangles

Key Ideas

A. Trigonometric ratios.
B. Special triangles.

C. Application of right triangles.

A. Trigonometric values can be described as ratios of the sides of

150

a right triangle.
. pposite hypotenuse
sin@ = 2 cscl = 2 n.us
hypotenuse opposite
djacent e
cosf = _aciacent secl = h gtenus
hypotenuse adjacent
ite jace
tan@ =2 .osx cotf = adja .nt
adjacent opposite

%0
o
3
o°

-

adjacent

Since any two right triangles with angle 8 are similar, these ratios are- the same, regardless of the
size of the triangle.

1

Find the values of the six trigonometric ratios of

the angle @ in the triangle shown.

a)
sin 0
s,/ |,
A6 [ |
8 cos 6
b) 26 sin 8 =
10
P2 cos 8 =
24 tan 8 =
)
3 o 7 sin 0
210
tan 0

V13

cscO:T'

scc0=—%lé
8

(:ot0=7

©
w»
(2]
L ]
"

w
8
D
1]
“wis Bl wis

cot 6

csc 8 = .
i

7
sec6=3

cotf = 3
N0

~AvimadAA



2. Iftan@ = %fmd the other five trigonometric

. . 12  opposite

t10s. =7 =
ranos Sin tan 0 S  adjacent’
opposite to 8 and S on the side adjacent to 6.

Draw a right triangle and label one angle 6.

put 12 on the side

The hypotenuse is found by using the
Pythagorean Theorem.

V22452 = V144425

=V169 = 13

o o 12 =3 12
sin 6 =7 cos 8 = 3

5 B
cot9=12 sc:cf)-5

3
csc 6 =0 e

3. Ifcsc @ = 3 find the other five trigonometric Draw a right triangle and label one angle 6.

ratios.
Since csc = 3 = % = hypotenuse

opposite

put 1 on the side opposite t%1
and 3 on the hypotenuse. 6

Find the side X
adjacent to 6 by using the Pythagorean
Theorem.

124+ =32

xz =0-1=8 x= 2\1—2-

AP
3

. 1 _
smO-3 cos 8 =

:‘—42’ cot 6 =g"lﬁ=2‘j;

sec 60 = ==
N2 ¢

B. 30°-60° right triangles and 45° right tdeg| trad | sint|cost|tant | csct| sect| cott
triangles have ratios that can be cal- 30° ’6_‘ % _\/3_ ﬁ 2 & V3
culated directly from the Pythagorean 2 3 3
Theorem. These ratios will frequently | 450 % 2 | V2 Lzl V3]t
appear in the chapters of this book and 2 2
in calculus texts. T3] 1 03 V3
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4. Find the length of the side labeled x correct to
six decimal places.
a) The sides x and 12 are related by the tangent

function.
12

p—

o 12

30 tan 30° = x
X, 12

* = tan 30°

=12 cot30° = 12V3 = 20784610

b) The sides x and 14 are related by the sine function.

. ac0_ X
sin 45° = 14

Z V2

x = 145in45° = 14,-"5‘ = 9.899495

C. A triangle consists of three angles and three sides. To solve a triangle means to determine all of
its parts from the information known about the triangle. Applications that involve solving
triangles frequently use the following terminology:

line of sight line from the observer's eye to the object;

angle of elevation if the object is above the horizontal, then this is the angle between
the line of sight and the horizontal;

angle of depression if the object is below the horizontal, then this is the angle between

the line of sight and the horizontal.

S. Express x and y in term of 6.

? % x and 6 are related by cos 6 = i $0
4
x = 4cos 0.
X

yandﬂammlatedbysin0=%so

] = 4sin 0

y y=4smbv.
b) X xandOarerelatedbysinO:‘z;so

2
C) x=——=2csc 0.
y sin 6

y and @ are related by cot 8 =§so

y = 2cot 0.
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A builder needs to determine the height of a To find the height of the building we need to find

house from a nearby hill. Using surveying the sides labeled x and y.

equipment and a tape measure, she determines £

the horizontal, the angle of elevation, and the " —
angle of depression as well as the distance from ~ g O
where these measurements where taken to the g 178" o ¥ I

base of the house. This information is shown in
the figure below. Determine the height of the
building. Find x using the sine function:

f;—s = sin8°

x = 178sin8° = 24.8 feet

To find y we first must find w. We find w using
cosine:

f;—s = cos8°

w = 178 cos 8° = 176.3 feet

Next find y using w and tangent:

1=tan40
w

y=w tan4° = 1763 -tan4° = 12.3 feet

Adding x and y , the height of the building is
248 + 12.3 = 37.1 feet.
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Section 6.3 Trigonometric Functions of Angles

Key Ideas

A. Definition of the trigonometric functions of angles.
B. Values of the trigonometric functions of any angle.
C. Fundamental Identities.

D. Areas of triangles.

A. Let 6 be an angle in standard position and P(x, y) be a point on the terminal side. If

r="Nxt+ y2 is the distance from the origin to the point P(x, y) then

sin6=§, cos 6 = =, tan9=i"(x¢0)

csc 6

)’;(y¢0), sec 0 = = (x#0), cot9=;—(y¢0)

The definition is similar to the definitions in Chapter 5, the key difference is that in this case the
input to each trigonometric function is an angle whose measure is a real number.

B. Finding the value of a trigonometric function | Quadrant Positive functions Negative functions
often involves using an acute reference I all none
angle and using the quadrant to get the sign | II sin, csc cos, sec, tan, cot
of the trigonometric function. These signs m tan, cot sin, csc, cos, sec
are given in the table to the right. |\ €0Ss, Sec sin, csc, tan, cot
1. Find the exact value of each trigonometric
function.
. In . In.
a) sin 2 Since 7 isin the fourth quadrant, the reference
. In = L .
angleis 28 - 7" = and sine is negative.
NS PR S P!
sm4 = R 0, Sin 4 = - 2
n . In, .
b) tan 6 Since G isin the third quadrant, the reference
. In n : .
angle is s " T=¢ and tangent is positive.
Mg = 35006 =73
=3n . =3r. . .
c) cos e Since 3 isin the third quadrant, the reference

. n L. .
angle is 3 tr= 4—and cosine is negative.

‘5 =3 \/_3
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9n r T2n 7In

d) sec =g~ Remove multiples of 2%. So == = =+
=12r +7—61E. Since ’%n is in the third quadrant, the

. I T .
reference angle is s " "=5% and secant is
2.

. 1]
negative. sec ’6' =

So, s Z(';—u =-2
2. Find the sign of each expression if 0 is in the

given quadrant.

a) sec’6tan @ Quadrant II || In quadrant II, sec@ is positive, tanf is negative.
So the sign of sec’ 0 tan O is determined by
(+)%(=) which is negative.

b) sin 6 tan 8 Quadrant ITI || In quadrant III, sin @ is negative, tan 0 is positive.
So the sign of sin @ tan 6 is determined by (-)(+)
which is negative.

cos 0 sin® 6 m In quadrant III, cos @ is negative, sin 6 is

© tan? 6 Quadrant negative, tan  is positive. So the sign of

cos sin’ 6 ) Q)
o’ 6 is determined by +)? which is
positive.

C. The trigonometric functions are related to each other through equations called trigonometric
identities. An important class of identities are the reciprocal identities:

csct=.l- sect:-l— cott:L tant = 0L ooy = SO
sin ¢ cos ¢ tan ¢ cos ¢ sin ¢
Another important class of identities are Pythagorean identities:
sin’t + cos’t = 1 tan’t + 1 = sec’t 1 + cot’t = csct

Note the usual convention of writing sin”t for (sin £)" for all integers n except n = —1, that is, the
exponent is placed on the trigonometric function.
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3. Write the first trigonometric function in terms of
the second function for 6 in the given quadrant.

a) tan @ sin @ Quadrant IV

b) tan 6 sec 6 Quadrant 1

sin @ and tan 0 appear in several identities but
none involving only sin @ and tan 6. The identity
) sin 6
we use here is tan 6 =
cos @
can express cos 6 as function of sin
by using the identity cos? @ + sin?6 = 1
So,cos20 = 1 - sin® @
cos @ =1 - sin? 0.
Since cos 8 is positive in quadrant IV we have
cos @ = \/l - sin%@.
sin 0 __sin 0
cos6 1 _sinlg

and realize that we

Thus tan 0 =

The functions sec 6 and tan 6 are related by the
identity tan%0 + 1 = sec?d.
So, tan%0 = sec?6 - 1and

tan 6 = i\jsecio - 1. Sin tan 6 is positive in
quadrant III, we have

tan 8 = \]secie -1

D. The area A of a triangle with sides of lengths a and b and included angle 0 is

2

A= labsinO.

4. Find the area of a triangle with sides of lengths
17 and 16 and included angle is 157°.
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Apply the formula A = lEabsin O witha=17,b
=16, and 8 =157°
A= l5(17)(16) sin 157°

= 53.14




5. Find the area of an isosceles triangle with a pair
of sides each of length 235 and base angles of
22° each.

6. The area of a triangle is 75 sq. ft. and two of the
sides of the triangle have lengths 16 ft and 20 ft.
Find the angle included by these two sides.

7. The radius of the circle is 70 feet. Find the area
of the shaded region.

Before we can apply the formula we first need to
find the measure of the included angle. Find the
included angle using the fact that the sum of the
angles of any triangle is 180°.

0 =180-22-22 = 136°

1 .
A= 2absm 6

= 2 (22X22) sin 136°
~ 168.11

UseA = liabsin 0 and solve for 6.

75 =12 (16)(20) sin 6

75 = 160 sin 8
sin @ = 0.46875
6 = 28°

Since 28° could just be the reference angle,
another solution is 8 = 180° - 28° = 152°.

Since the radius is 70 ft, the area of the circle is
n(70%) = 15393.80 sq. ft. Find the missing
central angle: 360 - (150 + 60) = 150. Each of
the triangles in the figure is isosceles.

Using the formula for area A = %a bsin 6 with
a=b=70and 01 =60°, 02 = 150°, and
8, = 150°.

Al = ‘%(70)(70) sin 60° = 2121.76,
A2 = %(70)(70)(sin 150°) = 1225
Ay =4,

Area = 15393.80 - 2121.76 - 1225 - 1225
= 10822.04
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Section 6.4 The Law of Sines

Key Ideas

A. Law of Sines.
B. Solving triangles.

A. The Law of Sines says that in any triangle, the length of the sides are proportional to the sines of
the corresponding opposite angles.

sinA _sinB _sinC
a b — ¢
Use the Law of Sines to solve a triangle when a side and the angle opposite it are known.

In triangle ABC we have

1. Solve the triangle.

a) A Here we are given the following information:
39 60 ZA =139, ZB = 105°, and b = 60.
c We are asked to find: £C, aand c.
Find £ C using the fact that the sum of the angles
105° of a triangle is 180°. £ C = 180° - (39° + 105°)
= 36°. Since we have band Z B, we use it to
8 finda and c.
sin 39° _ sin 105°
a -~ @
60 sin 39°
= inlos® ~ 3
sin 36° _ sin 105°
c
60 sin 36°
€= Tsnlose - 363
b) c Here we are given the following information:
ZA =38, LB = 175° andc = 67.

We are asked to find: £C, aand b.

Find £ C using the fact that the sum of the angles
38° ° of a triangle is 180°. £ C = 180° - (38° + 75°)
= 67°. Now that we have c and £ C , we use the
law of sines to find g and b.
sin 38°  sin 67°

a -5

25 sin 38°
a="gnere -~ 167

sin 75° _ sin 67°
c 5
_ 255in 75°

€= sin67°

= 26.2
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B. A triangle is determined by any three of it parts as long as at least one of these parts is a side.
There are four possible cases:

Case 1. Side-Angle-Angle. One side and two angles. Remember, given any two angles in a
triangle, the third angle can be determined.
Case 2. Side-Side-Angle. Two sides and the angle opposite one of those sides. This case is

sometimes called the ambiguous case because under some circumstances the triangle is not
unique, that is, two triangles are possible. (See problem 3b below.)

Case 3. Side-Angle-Side. Two sides and the included angle. Since we don't have a side and
its opposite angle, we cannot use the Law of Sines to solve these triangles.

Case 4. Side-Side-Side. Three sides. As in case 3, we cannot use the Law of Sines to solve
these triangles.

2.  Sketch each triangle, then solve the triangle
using the Law of Sines.

a) LA =64° 4B =64° ¢c =15 This is ASA. Draw side ¢ and then the two angles.

Their intersection is
angle C. Find £ C and
use it to find a and b. c
ZC = 180° - (64° + 64°) = 52°.
sin 64° _ sin 52°

a 15

15 sin 64°

= Tsinsze = 171 A 15 B8

Since ZA = 4B ,ABCis

an isosceles triangle and a = b = 17.1

b) 4B =173° 4C = 28° a = 258 This is ASA. Draw side a and then the two angles.
Their intersection is angle A. Find £ A and use it
to find b and c.
ZA = 180°~(73° +28°) = 79°.
sin73° _ sin 79° A
b ~ 258
258 sin 73°
b= “on79° = 251.
sin 28°  sin 79°
c - 258 8 258 c
258 sin 28°
= sin79°

= 1234
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3. Use the Law of Sines to solve for all possible
triangles.
a) a=1730b =158 LA = 128° Since ZA > 90°, at most one triangle is possible.
Find £B.
sinB _ sin 128°
8~ B
sinB = 513—’“731& =~ 0.6261
£B=388°
Next find £C :
ZC = 180°-(128° + 38.8°) = 13.2°.
Now that we have £ C, we can find c.
sin 13.2°  sin 128°
c =B
73 sin 13.2°
= sin128°

= 21.2

b) a=5,c =71, LA = 45° Since ZA < 90° two triangles are possible.
Find £ C.
sinC _ sin 45°
n - %
M (-]
§inC = n—‘-‘%“s— ~ 0.8065
£ C =63.7°. Since 63.7° is the reference angle,

another possible value for £ C is
180° - 63.7° = 116.3°.

Casel. £C =63.7°

Next find £B:
ZB = 180°-(45° +63.7°) = 71.3°. Use 4B
to find b.
sin71.3° _ sin 45°
b T %
56 sin 71.3°
b= inds° 375

Case2. £C =116.3°

Next find £8B:
ZB = 180°-(45° + 116.3°) = 18.7°. Use 4B
to find b.
sin 18.7° _ sin 45°
b T %
56 sin 18.7°
b = “eindse =~ 254
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To measure the height of a bridge, a surveyor
measures the angle of elevation from two points
20 feet apart (on a direct line from the center of
the bridge). This information is shown in the
figure below. Find the height of the bridge.

27 o
.
.

A ski resort wishes to install a new tram from the
lodge to the top of the mountain. A surveyor
measures the angle of elevation from the base of
the tram and from the base of where the
mountain becomes steep. She also finds the
distance between these sites. Find the distance
between the base and the top of the mountain.

First label the vertices. If we knew CB, then we

could use sinB = ¢D to find the height CD.

CB
R /‘7
Find the length of CB.  Coreied C

Use ZACB, £ CAB,and AB in

the Law of Sines to find CB.
ZCAB = 180°-66° = 114°

ZACB = 180° - (114° + 59°)
=7
sin7° _ sinl14°
2 - CB
_ 20sint14° 20
B =g = 149.9 ft

Now that we have CB we can find the height.

3 0 o ——
sin 59° = 1299 °°

CD = 149.95in59° = 128.5 ft

First label the vertices and the line as shown. In
order to use the Law of Sines to find AB, we need
tofind ZBand £ C.

ZA = 41° - 26° = 15°.
ZLC = LBCD + £ZDCA
£ZBCD = 180° - 52° = 128°
£ZDCA = 26° (alternate
interior angles are equal)
£ZC = 128° + 26°
= 154°

AT o
Finally, we find ZB
LB = 180° - (154° + 15°) = 11°.
We now use the Law of Sines to find AB.

sinC _ sinB
AB ~ AC
sinl 54° _ sinl1°
AB ~ 1780
sin 154°
AB = 1780 sin 11° = 40894 ft
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Section 6.5 The Law of Cosines

Key Ideas

A. Law of Cosines.
B. Area of Triangles and Heron Formula.

A. The Law of Sines cannot be used directly to solve a triangle when we know two sides and the

angle between them or when we know all three sides. In these cases the Law of Cosines is used.

In any triangle ABC, we have:

a2 = b2 + c2 -2bccos A

b2 2

a + c2 ~2accos B

/\
A 8

c2 a2+b2 - 2ab cos C "

1. The sides of a triangle are a =9, b = 10, and
¢ = 11. Find the angles of the triangle.

2. a=19,b=34,C = 75° Solve triangle ABC.
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Solve a2 = b2 + ¢ - 2bc cos A for cos A
2bc cos A = b? + c? - a? =

Y Y o
maT 2be 2 2 2
_ 0%+ an? - 92
So, cos A = 20000 = 0.6364
LA = 505°
Similarly,
potrd-t _@+an’-oyf
OE=""m T 2091
= 05152
ZB = 59°
c.2rP-2 92+ a02-qn’
o8t =" T T 29)10)
= 03333
ZC =1705°

Check: 50.5° + 59° + 70.5° = 180°.

We need to find angles A and B and side c.
Use Law of Cosines to find c.
¢ =a?+b?-2d cosC
= (19)2 + (34)% - 2(19)(34) cos75°
= 361 + 1156 - 1292(0.2588) = 1182.61

c = 3439

Since the Law of Sines is easier to use (less
terms) we use it to find ZA

sinC _ sind
c a
sinC sin75°

sinA= a T = (19) W = (0.5337

LA = 3225°

ZB = 180° - (75° +32.25°) = 72.75°




First label the vertices

of the triangle. Before
the Law of Cosines

can be used, we

must first convert

side ¢ from feet to

inches or side b

from inches to feet.

Since ladders are :
sold by the foot, 12
convert side bto :
feet. 78" = 6.5

Next, find £ZA. :
Since the angle of +
depression is 40°,

ZA = 90° +40°

= 130°

3. A homeowner T
needs to replace
the light above a
staircase. The
dimensions are
shown in the
figure to the right.
How long does

the ladder need to !
be? 12

bt + c2 - 2bccos A c
(6.5) + (12)% - 2(6.5)(12) cos 130°
42.25 + 144 -(-100.27) =286.52
16.93 feet

B. The semiperimeter, s, of a triangle is half the perimeter of the triangle.

The area A of triangle ABC is given by Heron's Formula:

= Vs(s - a)(s - b)(s - ¢) wheres = !2-(a + b + ).

4. Find the area of the triangle with the given sides.

a) a=45b = 28,¢c = 57. First ﬁnd the semiperimeter.
s = 1 (45+28+57) ‘1' 130 = 65
A= \I 65 (65 - 45)(65 — 28)(65 - 57)
= V384800 = 620.32
b) a=23b=237c =2l First ﬁnd the semiperimeter.

s-'(23+37+21) !' - 81 = 40.5

A = V40.5 (40.5 - 23)(40.5 - 37)(40.5 - 21)

= V48372.1875 = 219.94

163



S.  Animegular lot has dimensions shown in the

figure below. Find its area. 8
80
A 86
75
c
D 123

We first use the Law of Cosines to
find the length of the diagonal 8
AC and then find the area

. 80
of the triangles
ABC and ADC.

A 86

D
(AQ)? = (AB)? + (BC)? - 2AB)(BC) cos 72°
(AC)? = (80) + (86)% - 2(80)(86) cos 72°
(AC) = 6400 + 7396 - 4252.07

(A0)? = 9543.93
AC = 917

Find the area of triangle ABC.

We use the formula for the area of a triangle from
section 5.3.

b Ja

Area = ‘12‘ -a-c-sin72°

= % (80)(86) sin 72°
= 32711.75
Find the area of triangle ADC. We use

- 295.7 = 1471.85

[ X A

s = % (715+123+97.7) =

Area
= \l 147.85(147.85 - 75)(147.85 - 123)(147.85 - 97.7)

= V13422957.51 = 3663.74

Therefore the area of the lot is approximately:
3271.75 + 3663.74 = 6935.49
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Section 7.1 Trigonometric Identities

Key Ideas

A. Identities.
B. Proving trigonometric identities.

A. Identities enable us to write the same expression in different way. Trigonometric identities are
equations that are true for all values for which both sides are defined. Sine and cosine are called
cofunctions. Similarity, tangent and cotangent are cofunctions, as are secant and cosecant.
Cofunctions show another way these functions are inner-related. The cofunction identities are
show in the table below. Some of the important classes of trigonometric identities are:

1 1 1
csct = — sect = — cott = —
sin ¢ cos ¢ tan ¢
Reciprocal Identities sin ¢ cos t
tant = —— cott = —
cos ¢ sin ¢
y 1 sin?t + coslt = 1 tan?t + 1 = sect
thagorean Identities
Pythag 1 + cot’t = csc?t
sin(-t) = —sin ¢ cos (~t) = cos ¢
Even-odd Identities tan(~1) = —tan ¢ csc (~t) = —-csc ¢
sec(-t) = sec ¢ cot (-t) =—-cot ¢
A n .
sm(i—- u) =COS U cos 2" u) =sinu
Cofunction Identities
T

11
tan(z-u)-cotu cot(z-u)-tanu
sec E-u =CSC u csc E--u =sec u
(i-+)- (z-4)-

1. Write following trigonometric expression in terms || sin@ sec6 + cos @ csc@
of sine and cosine, and then simplify. sin6 cos 0

sin @ sec @ + cos 6 csc 6 = + =
cosf  siné

sin@ sin6 cosf cos @

cos® sind * sin@  cos 8
sin%6 cos2

= cosfsind * sin@ cos 6

sin20 + cos20
sin@ cos 6

1
~ sin@cos 0

csch sec
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2. Write the following trigonometric expression in 1 1

terms of sine and cosine, and then simplify. cotx-cscx ~ cosx 1
S — sinx sinx
cotx — cscx
_ 1 _sinx
“cosx-1 " cosx-1
sinx

3. Simplify the trigonometric expression.

a) (tanza-l)(secza+l) (tanza-l)(secza-l-l)
= tan’a sec’ar + tan’a - sec’a - 1
=tanasec2a+tana-(tana+l)—l
tan’c sec’ar + tan’a - tan’a - 1- 1
tan’e sec’er - 1 - 1

tan asecza -2

1 Here we wish to clean up the denominator, that is,
1 +cospB write the denominator as a single term (if possible).
1 _ 1 1 -cosp
1+cosp  1+cosp  1-cosp
l-cosp 1-cosf
! - cosB = sin’p
1 cosp
= sin?f ~ sin’p

b)

= csc?P - csc B cotp

Prove that the equation is an identity. Lety = _15 + x. Then

cos( +x)-sm( -x) X =zs ( ”)

To show that this equation is an identity, we
transform the left side into the right side.

(2 + 1) = in(s - )
()] )

B. To show that an equation is not an identity, all you need to do is to show that the equation is false
for some choice of variable(s). This choice is called a counterexample. To prove that an
equation is an identity, we must start with one side of the equation and transform it into the other
side. At each step, a trigonometric identity or an algebraic identity is used. When stuck as to
what to do, start by rewriting all functions in terms of sine and cosine. In general, it is usually
easier to change the more complicated side of the equation into the simpler side. It is very important
to understand that when proving a trigonometric identity, we are not solving an equation, so we do
not perform the same operation on both sides of the equation.
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Verify each identity.

a)

b) csc‘y - cot“y = csczy + cotzy

¢)

1 +cotw
cscw

sin® + cosw =

secy —cosy = siny tany

1 +cotw

CSC@
Since the right side is the more complicated side, we
transform it into the left side. To get an idea as to
what to do, first express the right side in terms of
sine and cosine.

sin®w + cos® =

| cos @
. sinw
sin® + cosw = T

sin@
From this, we see that both the numerator and the
denominator have a common denonmiinator, sin @.
Multiplying top and bottom of the left side by this
common denominator we get:

cos®
1 +— sinw
sinw

sin®

sin® + cos®
1

sin® + cosw

sinw

Transform the left side into the right side. FACTOR.
LHS = csc‘y - cot"y
= (csc?y - cot?y )(csc?y + cot’y)
The Pythagorean identity 1 + cotz'y = csczy
lets us use the substitution 1 = csc*y - cot?y.
= (1) (csczy + cotzy)
= csczy + cotzy = RHS

Transform the left side into the right side.
LHS = L -~ cosy

cosy
= ;s-; - cosy~fﬁ§
_ 1-cos
~ cosy
_ sinfy
~ cosy
. sin
= siny co_xsy
= siny tany = RHS

Note: To start we expressed the left side in terms of
cosine, then got a common denominator.



6.

Make the indicated trigonometric substitution
and simplify.

a) X .
(l-xz)m’

. g i1
x = sin@ (—-2<9<2)

l+x

T g
x = tanf (-2SOS2)

k]

b)

c) xz;
22

x = asecl; a>0,(0 S 8 < %)

X _ sin@
1= 7 (1-sin%
(1-1)

sin@ sin6

(00329)312 - 00830

_ sin@ 1
T cos® cos@

n

= tan® sec2

‘Jl+x2_‘ll+tan20
x mo

\] sec 76 secf

" tné  tanb
Note: sec@ is positive in the given interval.
Since both numerator and denominator have the
common denominator cosy ,

sec @ _ secl® cosf I 0
@nd _ anb cosd _ sin@ O

]

1
Under the given substitution, : X = csch

P Gwot
V-2 \/(asec:O)z--a2

a*sec’o

n

a’sec? -

a*sec0

i \Iaz(secze -1
a’sec?0
a’sec?0
atané

= asec@ csch

Note: tan@ is positive in the given interval.



Show that the equation is not an identity.

cosb + 1 sinb L
a) snb = cosb-1 Show thatb = 3 isa counterexample.
T 1
cosb+1 _ cos3+l _ 2+l = 1132
sinb R \/; -
sing N3
2
sing ﬁ
sinb 2
coshb-1- x | =1 l=-10732.
cosy - 3
M = coty + tany Show that ¥ = f;_n is a counterexample.
siny + cosy
3 3n
siny cosy sin,~ cos™,
siny + cosy . 3n in
s~ + €057
V2 (12
2\ 2
2 (1
2 Y72
1
_ 2
)
which is not defined.
3n in
coty + tany = cotj‘- + tanj; = -1 + (-1)

=2



Section 7.2  Addition and Subtraction Formulas

Key Ideas

A. Addition and subtraction formulas.
B. Sums of sines and cosines.

A. The identities for the sum and difference for sine and cosine are shown in the table below. These
identities are used to increase the number of angles for which we know the exact value of sine
and cosine. These identities are very useful in calculus.

sin(s +¢) = sins cost + coss sin?
cos(s +1) = coss cost — sin s sint

tans + tant

tan(s +1) =
( ) 1 - tan s tant

sin(s —t) = sins cost — cos s sint

cos(s—1t) = coss cost + sinssint

tans -tant

t -t) =
an(s - 1) 1 + tan s tan¢

1. Find the exact value of each expression.
a) sin75°

b) cos15°

2. Express sin 3x in terms of sinx and cosx.

We must first express 75° in terms of angles for
which we know the exact values of sine and
cosine. Since 75° = 45° + 30° and we know the
exact values for these two angles, we use these
two angles.
sin 75° = sin(45° + 30°)
sin 45° cos 30° + cos 45° sin 30°
0%, 1 Veeta

2 2t 2277 4

We must first express 15° in terms of angles we
know the exact values of. Since 15° = 45° -
30° and we know the exact value for these two
angles, we use these two angles.
cos 15° = cos(45° - 40°)

= cos 45° cos 30° + sin 45° sin 30°

6+
4

ey

Ny
oy
=[S

N -

Yes, sin 75° = cos 15° (see the cofunction
identities below).

Express 3x = 2x + x and apply the sine addition
formula.
sind3x = sin(2x +x)
= sin2x cosx + cos2x sinx
Now apply the addition formulas for 2x = x + x.
= (sinx cOsSx + COSx sinx) cosx +
(cosx - sinx sinx) sinx

= 2sinx cos’x + sinxcosx - sinx
= 3sinx cos’x - sin’x

1



30

If & and B are acute angles such that cosa =

andsinf =

%. find sin(a + B), sin(a - B),

cos(a + P), and cos(a - f).

4. Prove the identity.
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sin(x +y)

COS X COSY

= tanx + tany

W&

Before we can find these values, we need to
determine sina and cosf . Since a and f are

acute angles, we use right triangles and place the
values we know. We then use the Pythagorean
Theorem to find the values of the missing sides.

13
/u 5
(/4 o’}
4 w
=52 = 42=9 = y=3
wW+52=132 = wizildd = w=12

, 3 _L2
So sina = Sand cosp = 3

sin(a + B) = sina cosp + cosa sinf
312 45 _36 2 _56
sBt'sBTET6sT 6

sin(a - B) = sina cosf - cosa sinf
312 45 36 20 _16
TSBTSBT6T 6 6

cos(a+ B) = cosa cosf - sinax sinf
_412 35 48 15 33
TS5137SBT6 68 6

cos(@ - B) = cosa cosP + sinasinf

Expand the left side by using the addition formula
for sine.

LHS = sin(x +y)
~ cosx cosy
_ sinxcosy + cosxsiny
N COS X COSy
sinx cosy cosx siny
~ cosx cosy COS X COSYy
sinx - siny

cosxX  Cosy

tanx + tany = RHS



S.  Verify that the period of tangent is & by applying || Applying the tangent addition formula:

the addition formula. tan ) = tanx + tanm
tan(x + ) = (x + - tanx tanm
_ _tanx + 0
1 - tanx (0)
tanx
=" = tanx

B. The last theorem in this section shows how expressions of the form A sinx + B cosx can be

expressed as a

single trigonometric function.

where k

A sinx + B cosx = k sin(x + ¢)

«[ , A . B
= VA2 + B% and ¢ satisfies cos¢ = ————= and sing = ———
Va2 + B Va2 + B

6. Write the expression j:sinx + cosx interms Here we have A = -‘;: and B = 1,s0
3

of sine only.

3

+(1)2=‘\/§+1

b
"
=3l

==

2 S

So cos¢ = )z 15 and

—
e

>[5

sing = 0
B
Therefore ¢ = 3 and

—l-sinx + COsXx = 2 sin(x +E)
n TERANAE

]
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7.

Write in terms of sine only .
=5sin2x + Scos2x

Use the result of Problem 7 to solve

_Ssin2x + Scos2x = ~S\2
in the interval [0, 2n).

Here A=-5and B= 5, so

k=V(5)2+ (52 = Vas+25 = Vo
= s\2
V2

s 1 N2
cos¢=7_=‘\',':= 5 and
g - oL 2
N
Thus ¢ = 7 and -5sin2x + Scos2x can be

expressed as 5\5 sin(?x + % 1:)

Since -5sin2x + Scos2x = 5V 2 sin(Zx + %n),

we have 5V 2 sin(2t+ Zn) = -5\5

sxn(2x+4n) = -1
x +

1.3 We add the plus 2kn
t gt = 2” + 2m to make sure we
3 7 findallxin the
Z=5R - T +2Un interval [0, 2m)
X = -%n + kn
1 7
Fork = 1, wehavex = -§1t + N = gn
Fork = 2, wehavex = —%n +2n = %Su
So the solutions are: x = %n, %u



Section 7.3 Double-Angle, Half-Angle, and Product-Sum Formulas

Key Ideas

A. Double-angle formulas.
B. Half-angle formulas.

C. Product-to-sum formulas.
D. Sum-to-product formulas.

A. These double-angle formulas are special cases of the addition formulas. These formulas allow us
to express the trigonometric values of these double-angles in terms of the single angle.

sin2x = 2sin x cosx

cos2x = cos’x - sinlx cos2x = 1 - 2sin’x cos2x = 2cossx — 1
2tanx
tan2x = —— 5
1 - tan“x

Notice that there are three variations of the double angle formula for cosine.

1. Find sin2x, cos2x, and tan2x from the given
information.

First find sinx. Since x is in quadrant III,
sinx < 0, so applying the Pythagorean Identity:

2
sinx = -V1 - cos’x = -‘\/l - (-%
yal 5

- 169 144 ‘\f__ 3
"7 Vie9 T 169 T 169~ 713

sinx ~ =95/13 5

a) cosx = - %.x in quadrant I1I

O

So.tanx = coex = T1213 < 12
sin2x=2sinxcos::=2( )( 120
2
cos2x = 2cosx - 1 = 2 2 -1
3
_44 169 B
169 ~ 169 = 169
(5112) B
2tanx 2(5N12 R
tan7""1-mn’x'1-(5/12)2'l_g
144
. 420 _ 120
4425 T 1
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E3 @ in quadrant II

b) sind = 17,

2. Prove the cquatxon is an identity.
(sine - cosa)? = 1 - sin2a

3. Prove the equation is an identity.
tr = sin2x
COLx = 1-cos2x

176

First find cos@. Since 0 is in quadrant II,
cosf < 0, so applying the Pythagorean Identity:

, 2

cosO:—\/l-sin§0=- 1 - %

. _ 289 ,\,__
-7 289 289 289 ~

S 0 sin@ 8/17
0, tang = cos@ =151 c
sin20 = 2sinfcosf = 2( )(
_ 0
T 7289
c0s20 = 2 cos2@ =2 (
450 289 161
=280 " 289 T 289
2120 = 2 tan 6 _ 2(-8/15)
M= Ztan?0 T 1 - (8n5)?
16
__T15 om0 40
T8 T nse T el
T 225
Expand the left side:
LHS = (sina - cos tx)2
= sin?a - 2sina cosa + cos’a
Rearrange the order:

= sina + cosla - 2sina cosa

Making use of the Pythagorean Identity and the
double-angle formula;
=1 - sin2a = RHS

Use the double-angle formulas to expand the right
side. Since the denominator of cotx is sinx, we
choose the double-angle formula for cosine that
contains only sinx.

2sinx cosx 2sinx cosx
RHS = I -(1-2sin%x)  1-1+2sin%
2sinx cos.x cosx
= 2sink  sinx
=cotx = LHS



B. The double-angle formulas for cos2x are used to establish the formulas for lowering powers.

sin?x = 1 - cos 2x cos?x = 1 + cos2x tanlx = 1 - cos2x
B 2 B 2 " 1 + cos2x

When u is substituted for 2x we get the double angle formulas

U ‘,l-cosu u _ ‘,l-l-cosu

smz-:t ) cosz-:i: 2
tang_i|,1-cosu tang_l-cosu an? = sin u
2~ 1 + cosu 2 sinu 2 "1 +cosu

The half-angle formulas for tangent are used in calculus to establish many useful substitutions.

4. Use an appropriate half-angle formula to find the i 1 1 1
exact value of cos 11.25° Since 11.25° = (Z) 45) = ('2') (5) (45),

we first find
cos 22.5° = cos"'5 \, uﬂﬁ_
2 2 N2

~ * 22
- 2
_ 2 +‘/—2— \l 2 +
- 4

So,

cos 11.25° = c0322'25 = Vl—t'%ﬂ
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C. These product-to-sum identities are useful in calculus. These are used to write products of sines
and cosines as sums. These identities are derived by using the addition and subtraction identities.

sinu cos v = %[sin(u +v) + sin(u - v)] cosusinv = %[sin(u +v) - sin(u - v)]
COSU COS V = %[cos(u +v) + cos(u -v)] sinusinv = ~12-[cos(u +v) - cos(u - v)]

5. Write the product as a sum.
@) sind sinx sin3x sinx = % [cos(3x+x) - cos(3x - x)]

= 1a(cosl): - cosx)

b) cosSx sin2x cosSx sin2x = 3 [sin(5x+22) - sin(Sx- 2¢)

= %(sinﬁx - sin3x)

6. Find the exact value of each product.
a) tan82.5° tan52.5° _ sin82.5°  sin52.5°

1ang2.5° tans2.5° = __5 s
_ Sin82.5° sin52.5°
~ ¢0s82.5° c0s52.5°

% [cos(82.5° + 52.5°) - cos(82.5° - 52.5°)]

% [cos(82.5° + 52.5°) + cos(82.5° - 52.59)]

%(cosl35° - cos30°)

%(cosl35° + c0s30°)

V3

2

5

N =
(S

1
ﬁwl-—
LS
ey N

“Ifl
N—_———

+

S
Sl

+

S &
2l 5

_2-203+3 5 -2V
=T2-3 - 4
= -5 +2V6
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b) sin97.5° cos37.5° sin97.5° cos37.5° =
%[sin(97.5° +37.5°) + sin(97.5° - 37.5°) ]

= %(sinl35° + sin60°)

(5.9

2

V24

4

oy

D. These sum-to-product identities are useful in calculus and are derived from the addition and

subtraction identities. These identities are used to write sums of sines and cosines as products
which provides a very useful tool for solving equations by factoring.

) . L.U+V  u-v . . Uu+v . u-v
sinu + sinv = 2sin——— cos——— sinu - sinv = 2 cos sin
2 2 2 2
U+v u-v .U+vV . u-v
cosu + cosv = 2cos cos cosu — cosv = ~2 sin sin
2 2 2 2
7. Write the sum as a product.
a) sin3x - sinx ) ) Ix+x, Ix-x
) sin3x - sinx = 2 cos 2 SN
= 2 cos2r sinx
b) cosdx +cos2x + cosx First express cos4x + cos2x as a product.
4x +2ux 4x - 2x

cosdx + cos2x = 2cos ) cos™,

= 2c0s3x cosx
Apply this to the original equation
cosdx + COS2x + COsx
(cosdx +cos2x) + cosx
2 cos3x cosx + COSx
cosx (2cos3x + 1)

Note: We chose to use the first two terms of the
expression since any product found using cosx and
another term would have result in a cosine of some
fraction of x, and would not match the third term.
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Section 7.4  Inverse Trigonometric Functions

Key Ideas

A. The inverse sine function.

B. The inverse cosine function.

C. The inverse tangent function.

D. The other inverse trigonometric functions.

A. The properties of inverse functions were discussed in Section 2.7. Since sine is not a one-to-one

function, we restrict the domain of sine to [ 2 2] to obtain a one-to-one function.

The inverse sine function, sin™, is the function with domain [~1, 1] and range [ X ;

defined by sin"lx = y o siny = x

The inverse sine function is also called arcsine and is denoted by the symbol arcsin. An
important property is that cosine is always positive in the range of arcsine.

1. Find the exact value of the expression
The number in the interval [ 5, '2' whose sine

sin"[-\/’?;) T sin-.(_‘/_;) _ .t

2 6 2 6

2. Find the approximate value of sin (0.95). We use the calculator to approximate this value.
Place the calculator in radian mode and then use

the f_N7| [m ,0r SIN! ,or IARCSNI key to get
sin?(0.95) = 1.2532

3. Find the exact value of cos(sin"(lB)) and Letu = sin"(l/3), $0 sinu = % Since

tan(sin'l(lB)). u € [ Y E] cosu > 0.

2’2
Using the fundamental Pythagorean identity we get

cosu = \}l - sinlu .

cos(sin"(lB)) = V1- sin¥sin? (113)

=\]1-(1/3)2= 1-%

3

Since tanu = ::,n—s';
sin(sin(173
tan(sin"(13)) = ( ( ))

cos(sin"(lB))

l —

= 113 = =
(2\]—2)/3 2\5 4

|
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B. Again, since cosine is not a one-to-one function, we restrict the domain of cosine to obtain a one-

to-one function.

The inverse cosine function is the function cos™! with domain [-1, 1] and range [0, &t]
defined by coslx = y

cosSy = X

The inverse cosine function is also called arccosine and is denote by arccos. An import-ant
property of the range of arccosine is that sine is always positive in this interval.

4. Find the exact value of each expression.

a) cos"l(-\j?;).

b m(cos-n(.g)).

5. A 85 foot rope is tied 10
feet from the base of a
building. (See figure.)
Find the measure of the
angle @ that the rope
makes with the ground.

The number in the interval [0, ] whose cosine is

2. cos_,(_\ﬁ) o

-y 8 2=

el 3
Letu = cos (13).

- af 3\)_ 3
cosu = cosf cos” { -3 = -3

2
sinu = V1 - cosu =‘Jl -(-1—53')

_\/1 B _ 4[4
- 169 T 169

12

13

. sinu
Since tanu = _su , we have

Cco
af S\)_ 1213 12
c0s (‘13) =_SM3°7s

: 10
Since cos8 = &

0= cos";-(s)' = 1.4529 radians (about 83.24°).
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The inverse tangent function is the function tan~! with domain (e, <) and range (- g', 1;-)

defined by tan"lx =y e tany = x
The inverse tangent function is also called arctangent and is denoted by arctan. Because secant

and tangent are related by the fundamental identity tan’x + 1 = sec2x, we choose to restrict the
range of tan"lx (domain of tanx ), the interval where secant is positive.

6. Find the value of each expression

8 tan7| -3 incetan{ - ') = =737 and -5 < - < 5,
tan~} .\_/_; _ Tt
Mml-3 )= "¢
, n
b) tan"(tan%n Since tan 7~ = -1
af 1™ 4 F
tan (tan4)-tan(l)— 7
vote: tan(ian Y = & cince T i ot
ote: tan~ [ tan 4 # 3 Since 77 s not in
the range of tan”',
¢) tan (50) We use a calculator to find that

tan (50) = 1.55080.

Remember to first put your calculator into radian

7. A brace is made to Here we use the relation:
support the frame of a opposite _ 41

gate in a fence. The tan@ =

measurements of the
frame are shown in the So @
figure. Find the angle 6. 41

adjacent ~ 33

tan™! %) = tan7 (1.242424)

0.89308 radians

A 33 This problem could have been worked in degrees,
in which case, § = tan7(1.242424) = 51.17°
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D. The table below shows the defining equations for all six inverse trigonometric functions and the
corresponding domains and ranges. Included in the table are the fundamental identities that are
used to determine the range of the inverse trigonometric function.

. . Inv. trig domain Inv. trig range Fundamental identity
Defining Equations (Trig func. range) | (Trig func. domain)
1 , sin20 + cos?6 = 1
sin"'x = y & siny = x [-1,1] [- /2, n/2]
' cos® = \ 1-sin0
-1 sin20 + cos20 = 1
CoOs"'x =y & cosy = x -1, 1] [0, x]
sin@ = \/l—cosze
-1 tan20 + 1 = sec?d
tan"'x = y & tany = x (~o0, ) (-m2,7/2)
sech = \jtanzo +1
-1 tan20 + 1 = sec0
sec”'x =y & secy = x| (~eo-1]U [1, ) |[0,T2) U [r, 3TN)
' tanf = ¢sec20—l
1 1 + cot?0 = csc6
cot™'x =y & coty = x (o0, o) (0, x)
cscl = \jl+cot29
-1 1 + cot?6 = csc20
csc”lx =y & cscy = x| (—o-1]U [1, ) |(0,®2] U (7, 3712)
cotf = ‘Jcscze-l
8. Rewrite the expression tan(sin”x) as an Letsin™x = 0. Then:
algebraic function in x. Sketch a right triangle sinf = x and
which shows the relationship between the (s 1 ) = tand
trigonometric functions. tanisin %) = tan@.
Since sin 6 = h_o_gmte_ we have
ypotenuse
i (]
snfex =X = opposite

1 ~ hypotenuse 2

1 —=x

Place this information on the right triangle and
solve for the remaining side using the
Pythagorean theorem.

adjacent = \ll -2
So cos@ = l;lz:‘jl -2

X

tan(sin?x) =tanf = o

Note: cos8 is positive throughout the range of

sinx
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9. Rewrite the expression cos(2tan7x) as an
algebraic function in x. Sketch a right triangle
that shows the relationship between the
trigonometric functions.

Lettanx = 6. Then:
tand = x and

cos(2tanx) = cos26.

x24+ 1

. opposite X
Since tan 6 = —;

adjacent
we have (2]

x opposite
tan 6 = x = = = “BPOSIC 1

1 — adjacent

Label the angle 6, the opposite side x, and the
adjacent side 1 The hypotenuse can be found
using the Pythagorean Theorem. Thus

hypotenuse = \sz + 1 and
4 1
cos(tan”'x) =
\lxz + 1

We now use the double angle identity,
cos20 = 2cos?6 - 1

cos(2tanx) =2cos¥(tantx) - 1

o2 xta1
TR+l 24
1=
T2

Note: (1) We selected the double angle identity
which only contained cosine; (2) cos 8 is positive
throughout the range of tan x



Section 7.5 Trigonometric Equations

Key Ideas

A. Trigonometric equations.

B. Using a graphing calculator to solve equations involving both algebraic and trigonometric
expressions.

A. A trigonometric equation is an equation that contains trigonometric functions. In general, if a
trigonometric equation has one solution, then it will have infinitely many solutions. First find all
the solutions in an appropriate interval (usually one period) and then use the period of the
trigonometric function to determine the other solutions.

1. Find all solutions of the equation.
a) 2sinx cosx = sinx As with polynomials, we solve trigonometric

equations by moving all term to one side and

factoring.

2sinx cosx = sinx

2sinx cosx - sinx = 0

sinx (2cosx - 1) = 0

Set each factor equal to zero; solve. Find all

solutions in one period.
sinx= 0 or 2cosx -1 =0
x=0,m7 2cosx = 1
1
cosx = 5
L _nsm
36

| Because the period of both functions is 2%, we
| obtain the solutions:
| x =0 +2kn = 2=

x=1t+2lm=(2k+l)1t
| =T

x-3+2k1t

| n

I-3+2kﬂ

| for any integer k

| Before we can factor we first need to express this
equation only in terms of sine or only in terms of
cosine. Using cosX = 1 - sin’x, we get
(1-sin®) - 3six - 1 =0

=sin’x - 3sinx = 0

-sinx (sinx-3) = 0

b) cos’ - 3sinx - 1 = 0

-sinx = 0 or sinx -3=0
sinx = 0 sinx = 3
x=0,m This equation has no
solution since sinx < 1.
| x =0 +2kn = %n
| x=m +2%kn = (2k + Dn

| for any integer k.
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2'
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Solve the equation in the interval {0, 2x).
a) 3tan’x - tanx = 0

b) secxtanx = 4sinx

3tan*x - tanx = 0
tanx(3 tan% - 1) = 0

tanx(V3tanr 1) (V3 tanx + 1) = 0

Vitr -1=0 = V3t

=1 =

any < L g

x-‘/; = x=c e
‘Etanx +1=0 = ‘/;tanx = -] =

_-l 5 lin
tanx = = X = 6’ 6

3

. fo® SR I lix
Solution: {0’6’ 6'™ %6 6 }
secxtanx = 4 sinx Move all terms to left
secxtanx - 4sinx = 0 side and factor.

It is hard to see how to factor this expression, so we
first express this in terms of sine and cosine.

1 sinx

. -4sinx =0
CoSx COsx

. 1 . 2
—_-4) = - 4) =
sinx (cos 7, ) sinx(secx - 4) = 0

sinx (secx - 2)(secx + 2) = 0

So,
sinx = 0 = X

"
e
a

secx-2=0 = secx=2 =

_& 5n
t=37

secx +2=0 = secx = =2 =
_2n 4n
$=7373

[, E 2 4% Sm
Solution: {0.3, 3.1t. 3 3}



c) Solve the equation in the interval [0, 2x).
3cosx + 1 = cos2x

3.  Sketch the graphs of f and g on the same axes
and find their points of intersection.
_ f(_x) = 2 sinx; N g(x) = tanx

Move all terms to one side:

cos2x - 3cosx - 1 =0

We chose to use the double-angle identity for
cos2x that contains only cosine terms.

20sx - 1 - 3cosx - 1 =0

2c0s%x - 3cosx - 2 = 0

(2cosx + 1)(cosx - 2) =0

Set each factor equal to zero. Solve. ,

20sx + 1 =0 cosx -2=0
2cosx = -1 cosx = 2
1 This equation has no
cosx = =5 solution since cosx < 1
_n 4n
*=3:3

2sinx = tanx Solve for x in [0, 2%)
_ Solve, move all term
2sinx - t.anx =0 to one side
. smx Sinx
2sinx = cosx = Expre.s'.\'tarvca.rm‘_Jt
1
smx(2 - wosx) = 0 Factor.
sinx = = x=0=%
| 1
2'cosxzo = 2"cosx =
_1 _% n
cosx = 5 = x=3,3

X = rm.2mt+’3-t. Zrm-;-?’s’-E where n is an

integer.
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4. Solve the equation.
cosSx = cos3x

Solve, move all term
cosSx = cos3x

to one side
cosSx ~ cos3x = 0 Use sum-to-product .
 Sx43x | Sx-3x
-2sin g ST = 0
sindx sinx = 0 Divide both sides by -2.

sin4dx = 0 = 4 = kn = x=%

sinx = 0 = X = kn

Solution: x = kf , for any integer k&

B. In most cases, we cannot find exact solutions to equations involving both algebraic and
trigonometric expressions. However, with the aid of a graphing device we can approximate the
solutions by graphing each side of the equation.

5. Use a graphing device to find the solutions of
each equation, correct to two decimal places.

Since -1 € sinx < 1,
we must have

-5 £ x £ 5. Setting
the viewing rectangle
at [-5, 5] by

[-1.25, 1.25] we see
that there are three [

roots, between -3 and

-2,atx =0, and

between 2 and 3. The

second viewing

rectangle shows 12,3

by [0, 1]. Noteboth |=——"""

functions are odd.

Solution: | T See—
(by zooming in) x =0, £ 2.60

b) sinx =x2-1 Since [ I 1l
0 < sin®x < 1and
(152 - 1 =125 we
must have
-15sx <15
With the viewing
’.!
"
S
f“":lP
/ /
A

o1
a) smx-sx

rectangle at [-1.5, 1.5]
by [-1.25, 1.25] we
see that there are
three roots, between
-1.5and-]l,atx =0,
and between 1 and
1.5. The second
viewing rectangle
shows (1, 1.5] by

[0, 1). Note both functions are even.
Solution: (by zooming in) x = 0, £1.40
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Section 7.6  Trigonometric Form of Complex Numbers; DeMoivre's Theorem

Key Ideas

A. Trigonometric form of a complex number.
B. Products and quotients of complex numbers.
C. DeMoivre's Theorem.

D. nth root of a complex number.

A. Complex numbers were introduced in Section 3.3. Let z = a + bi be a complex number.
Then z has the trigonometric form: z = r(cos() + sinG), where r = Izl = Va? + b?

and tan 6 = % . 0 is an argument of z and r is called the modulus of z.

1. Write each complex number in trigonometric
form.

W A+d Since tan 0=_i4=—l,anargument is 0= 3{" and

=V4y?+42 =16 + 16 = V32 = 4\2

Thus 4+ 4 = 4\[-(cos— + :sm3—’t

b) 7 -i To find an argument 6,
we note that 7 - i isin I
quadrant IV and use
an inverse trig function that
is defined on the interval =i
[- 72, n,2). To help get the
angle, we sketch the point and find r.

=V e )2 = Va9 + 50 = 52

i)

Thus 7 -

-l (s‘f—)] sl (sr)]}

B. If two complex numbers z, and z, have the trigonometric form z, = r, (cosOI + i sinel) and

QN

2, = rz(coso2 + i sin02) then the product and the quotient can be expressed as

32, =1 (cos(el + 92) + isin(()l + 92))
2 = :iz (cos(Ol - 02) + isin(Ol - 2))
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3. Letz; =2+ 2i andletz2 = V22

190

2'

Letz] =2 + 2N3i andletz2=-i

Find (a) 32, and (b)

Find @) 2,2, and (b)

2

2

=Va+12 =16 = 4 and
2\/— \1'3‘=’ n

0 _—_
0+1= ‘H = 1. Sincetant‘)2 is not

defined and 2, = —i, we must have 02 = %E
T . .R
So z = 4 cos3 + i sm3) and
In . .3
Ay + i siny”

@
32, = @ [cos(§+ 32_n) + isin(§+ 32—1‘)]

i (oo lIE I
= COS6+lSln6

®)
ﬁ_g 3n n 3n
zz'l[ ( +:sm3 2]

aloosT® 4 i il
COS6 +xsm6

OO .
= cos6-zsm6
= ‘J4+4 =\[—=2\5andsincctan8,= %

= |, with a and b both positive we have 91 =

=\/2+ ‘G-2andsmcetan0

ﬁlm

“|'§‘l

= | with a and b both negative we have 02
So z, = 2\6(cos4E + i sin%) and

ol eoE o i i
22— 0084*18104

@

5= () @ (B4 58) « 1n(3+ 5)
= 4\5(cos37“ . isin%’-‘) =i

®)

y_af on s n s
22— 2 cos 4—4 + {sin 4 4

V2 (cos(=m) + isin(-m)) = -V2
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C. Repeated use of the multiplication formula gives what is known as

DeMoivre's Theorem:
Ifz = r(cosO + i sine), then for any integer n, " = r" (cosnG + i sinnG).

4. Find the indicated power using DeMoivre's

Theorem.

) (4443

b (-2 -2i)

0 3-4i

Find r and 6, then apply DeMoivre's Theorem.

r=Yi6 +48= Vo4 = 8andtan0=%{—;=

‘[3- we have 0 = %

(4 +aV3:) = 85|:cos(5-§) + isin (52—)

= 32768 (cos‘séE + isin 5'81!)

32768 (—l + i ﬁ)

{{]

3 +iTg
16384 + 16384 V3 i

r=\l4 +4=\[§=2\5and0=5ff'

(-2 -20)P

- (V3| (6- ) + 130 (6 2))

150 . . I5%n
=512(<:os2 + i sin )

= -512i

r =\J9 +16 = \125 = 5 and since @ is in the

4th quadrant we get
6 = zan"(?) tan"! (-1.33) = 092729
radians
(3-4i)
= 5 [cos(3-(-09273)) + i sin(3 - (-0.9273) ]

125 (cos(-2.7819) + isin(-2.7819))

125 (- 0.936 - 0.352))
- 117 - 44

Note: We could have used 8 = 5.35589, then
30 = 16.0677, cos(16.0677) = -0.936, and
sin(16.0677) = - 0.352. This gives the same result.
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D. For n a positive integer, the n distinct nth roots of the complex number
z=r (cosO + i sinO) are given by the formula:

0+ 2km 6 + 2kn
W = rlln[cos( n J"' isii +n ):I,f‘)fk =012..,n-1

The main concepts are:
1. The modulus of each nth root is r''".

0
2. The argument of the first root is;.
3. We repeatedly add 271: to get the argument of each successive root.

5. Find the indicated roots and sketch the roots in

the complex plane. Find rand 6.

a) The cube roots of 2. r=‘,4+0=\/:=2and9=0
k=0 6, = 9'";.—0 =0
Wy = ‘7; (cos(0) + i sin(0))= 1.260

0+2n 2n
k=1 9|= 3 =3

W, = \J’E(cos%E + i sin 27"): -0.630 +1.091 i

0+4n 4n
ﬁ}"" k=2 02 =2 3 =3 %“’”’
/
Wy = %(cos“—;! +isiné3£) "
= -0.630 - 1.091 {
;ﬂo
- -z % Tyz
b) ThesquarerootsofS‘/_-Si r:\’75 +25=\/100=10 and 0=7—6’E
I
—+0
6 * n
k=0 6, = )
wy = V10 (cos%‘ N isin%)=-o.818+3.ossi
m+21t
6 197
k=1 01-- T
o w, = V10 (cosll%’t 4-:‘sinl]9—2’t am
=0.818 - 3.055{ " g1/
o
> T =
-fio/[ ™"
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6.

Solve each equation.
) 2-i=0

b) 2 +47+2i=0

Solveforz’: z3-i=0 = z3=i
So the solutions are the cube roots of i. Since

i= cos%d- sing,wehaver =] and @ =
0+2kn 1
k=0: . =5
_oonon_ V31
Zg= COSg +ising = 5"+ S
0+ 2k S5n
k=1: =6
_oosmoosm_ N3
7y = COsT HisinTe =~ 4 S
0+2ku In
k=2: n 2
I S
zz--cos2+:sm2 = -

Solve by completing the square in z.
2 +4z+42i=0
22 +4z = -2

,z +4z+4-4—2¢

(z+2) -4—2:
z+2=(4-2:)
z=-2+(4-2i)l,2

Next: find the square roots of 4 - 2i.

=Y16 + 4 = V20 = 4V5 and

.
6= sin =)= 5832
a\s

6+ 2kn
k = ¥ 5832 = 2916
n 2

\/ a5 (cos(2.916) + i sin(2.916))

= 2.991(-0975 + 0.224 %)

= - 2915 + 0,669
0+ 2kn
k=1: + 2R 12 s
n 2

w = Va5 (cos(6.078) + isin(6.078))
= 299100975 - 0.224 i)
= 2915 - 0.669 i
=24 wy=-2 + (<2915 + 0.669i)
= _ 4915 + 0669

or

z2==2+ w, =-2 + (2915 - 0.669 i)
= -0915 - 0669

A
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Section 7.7 Vectors

Key Ideas

A. Geometric description of vectors.
B. Analytic description of vectors.

C. Properties of vectors.

D. Applications to velocity and force.

A. A vector in the plane is a line segment with an assigned direction and length, denoted as a pair

of points with an arrow above showing the direction A—ﬁ or as a single bold face letter. The point
A is the initial point and the point B is the terminal point. The length of the line segment is
called the magnitude. Two vectors are equal if they have equal magnitudes and the same
direction. The zero vector, 0, has no magnitude. Geometrically the sum of two vectors is the
vector found by placing the initial point of one vector at the terminal
point of the other vector. See the figure. A constant is called a scalar.
If a is a scalar and v is a vector, then the vector av is defined to have
magnitude lal vl and to have the same direction as v when a > 0, or
have direction opposite to vifa < 0. Ifa= 0, thenav = 0, the
zero vector. This process is called multiplication of a vector by a
scalar. The difference of two vectors u and v is defined byu - v =
u + (-v). See the figure to the right.

1. The vectors u and v are shown. Sketch the 2u: This vector has twice
tors 2 d 1 3 the magnitude and the
vectors Zu ,u + v, V=4, and u-Jv. same direction as u. o
o 2u
v
u+ v: Putthe
initial point of one
u at the terminal
‘ ——t——— point of the other or make

a parallelogram
with u and v and
take the diagonal.

v-u: Usev+ (-u)
or the other diagonal
in the

parallelogram.

1 .
2 u-~3v: First
find ';' u and
-3v, then add.
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B. Analytically vectors are represented as an ordered pair of real number, v = (a, b), where a is the
horizontal component of v and b is the vertical component of v. If a vector v is represented in
the plane with initial point P(x,, y,) and terminal point Q(x,, y,), then v = (x, ~x,, 3, -y,).
The zero vector is represented as 0 = (0, 0). The magnitude or length of the vector
v = (a,b)is vl = Va? + b, The vectors u = (a, b)) and v = (a,, b,) are equal if and
only ifa; = a, and b, = b,. The algebraic operations on vectors are defined as:

Ifu = (a,b)andv = (a,, b)) a, = a,, then
u +v=(a +ayb, +b,) u -v={(a-a,b -b,) cu = {ca,,ch,)

2. Letu=(-12,18) and v = (10, 8). Find 2u, 2u = 2(-12,18)

| = (2(-2), 2(8))
u+v,v-u,and 5“-3‘“ = (-24,36).

u + v =(-1218) + (10,8)
(-12+10, 18 + 8)

(<2, 26).

v-u=(108)- (-12,18)
= (10,8) + (12, -18)
(10+12,8-18)
(22, 10).

| 1
2 - v= 2 (-12,18) - 3(10,8)

(-6,9) + (-30, -24)
(-36, -15).

C. The properties of vector addition and multiplication of a vector by a scalar are:

Vector addition Multiplication of a vector by a scalar
u+v=v+au cu +v) =cu + cv
u+(v+w=@uU+v)+w (c + du = cu + du
u+0=u (cd)u = c(du) = d(cu)
u+@=u-=90 lu =u

Ou=0
Length of a vector c0 =0
levl = lclivl

A vector of length 1 is called a unit vector. Two special unit vectors are i = (1, 0) and
Jj = (0, 1). Any vector v = (a, b) can be expressed in terms of i and j by
v = (a,b) = ai + bj.
Let v be a vector with magnitude Ivl and direction 6. Then the horizontal component of v is
a = vl cos@ and the vertical component of vis b = Ivl sinf.
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Letu = (-12,5)and v = (4, 3). Write u, u = (-12,5)= -12i + 5j
u+v,and 2u -3vinterms of i and j. Find the

length of u, u + v, and 2u - 3v. = Ve12)? + 52 = V169 = 13

u+v=(I125)+(63)=(68) = -6i +8j

o+ vi=Ve6)? + 8 = V100 = 10

2u -3v=2(12,5) -3(3)

= (-24,10) - (18,9) = (42, 1)
= 42 +j.

u -3v | =V (42)?+ 12 = V1765

Find the direction of the vector We first sketch v. .
Place the initial point
v = =2i + 23}, Sketchv. at (0, 0) and the

terminal point at

(2.213).

Next find the length of v.

vl = \/(-2)%(2\/?)2 =Varn2 =

Since @ is in the second quadrant, use cos
find the direction, 6.

o))

A vector u has length 6‘5 and direction 76_“ Find |} The horizontal component of v is:

the horizontal and vertical components and write f| 4 = (vl cos@ = 6 \E cos%’!

v in terms of i and .
- (+¥3) (if) .

The vertical component of v is:

_lto

b = lvlsin@ = 6\5 sin‘%‘
1\ _
= (6V3) (-2) = 3Va

Thus v = % -3Y3j



D. The velocity of a moving object is described by a vector whose direction is the direction of
motion and whose magnitude is the speed. Force is also a quantity represented by a vector. The
magnitude of force is pounds (newtons, in the metric system) and the direction is the direction the
force is applied in.

6. A plane flies true north at 550 mph against a Let p represent the plane and w represent the
head wind blowing at S45°E at 75 mph. Find the }| wind.
true speed and direction of the plane. Since the plane is flying due north at 550 mph,
p = (0,550)

Since the wind is S45°E, we apply the formula for
the components of a vector,
w = (75 cos(-45°), 75 sin(-45°))

= 315V2,-37.5V2)

The result of these two velocities is the vector
p+ w= (0,50 + (375 V2,-37.5V2)
= (375 V2,550 -37.5V2)

= (53.033,496.967)
Ip + wl = V28125 + 246976.19

= \j 1988.74 = 499.8 mph

We use tan~! to find the direction, 6.

496.967 ,
9 = tan (53033) tan™ (9.371) = 83.9

Therefore the direction is N83.9°E.

Note: Degrees is the standard for this application.

7. A beam weighing Add force T, for the
600 pounds is weight of the beam.
supported by two Since the beam is in a
ropes as shown in secured position
the figure at right. T. +T.+T. =0.
Find the ! 2 3
magnitudes of the
tensions [T,| and T, = (acosl33°, asinl33°)= (-0684,0.730)
I} T, = (bcos3%°, b sin39°) = (0.78b,0.635)

(0,-600) . (Here a and b are the

magnitudes of the tensions.)

Set the components equal to zero and solve.
-068a + 07856 = 0

0.73a + 0.63b - 600 = 0.

Solve the first equation for a in terms of A

-068a = -0.78b = a=115b
Substitute for a in the second equation.

0.73 (1.15b) +0.63b = 600

084b +0.63b = 1.47b = 600

b = 408.2 pounds

a = 1.15b = 1.15 (408.2) = 469.4 pounds.

-3
w
L]
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Chapter 8
Systems of Equations and Inequalities

Section 8.1  Systems of Equations

Section 8.2  Pairs of Lines

Section 8.3  Systems of Linear Equations

Section 8.4  The Algebra of Matrices

Section 8.5  Inverses of Matrices and Matrix Equations
Section 8.6  Determinants and Cramer's Rule

Section 8.7  Systems of Inequalities

Section 8.8  Partial Fractions




Section 8.1 Systems of Equations

Key Ideas

A. Substitution method.
B. Elimination method.
C. Using graphing devices to solve systems of equations.

A. A system of equations is a set of equations with common variables. A solution to a system of
equations is a point that simultaneously makes each equation of the system a true statement. Use
the substitution method when an equation can be solved for one variable in terms of the other
variables. The steps are:

Step 1. Solve one equation for one variable in terms of the other variables.

Step 2. Substitute this value into the other equation. (It is very important that you substitute
this value into a different equation.). Solve for the second variable.

Step 3. Back substitute-substitute the value you found in Step 2 back into the expression
found in Step 1 to solve for the remaining variable.

1. Find all real solutions (x, y) of the system of Solve the second equation for y.
equations. y=1-2x
{ P-xy-y=1 —
Z+y= Substitute this value into the first equation.

2-x(1-2x)-(1-2)%=1
Pox+2-(1-dx+4x?) =1
Wox-l+dx-dxl=-xt43x-1=1
243x=-2=0 = P-3x+2=0
(x=-2)(x-1)=0

x=2o0r x=1

Back Substitute
Whenx=2,y=1-2(2)=-3
Whenx=1l,y=1-2(1)=-1

So the solutions are (2, -3) and (1, -1).

Check:
2, -3)
2 -2)-3)-(-3)?=4+6-9 = |
22)+(=3) =4-3 =1 Yes.

(1,-1)

M2-M=D=(-D*=1+1-1=1
A +(-1) = 2-1 =1 Yes.




2. Solve the system Solve 3x+ y =-1fory (since it is easier);

{ T4 y=- =3x-1
2x+3y=8 Substitute for y in the second equation;
2x+3(-3x-1)=8
2x+-9x-3=8
-llx =11

=-1

Substituting this value of x back into y =-3x - 1
yields:
y=-3-1)-1=3-1=2

The solution is (-1, 2).

B. Use the elimination method when a variable can be eliminated by the addition of a multiple of
one equation and a multiple of another equation. The steps are:

Step 1. Pick the variable to eliminate. Multiply the first equation by a nonzero constant and
the second equation by another nonzero constant so that the coefficients of the variable are
additive inverses of each other.

Step 2. Add the corresponding sides of the two equations to create a third equation (without
the variable chosen in Step I).

Step 3. Back substitute-substitute the value you found in Step 2 back into the expression
found in Step 1 to solve for the remaining variable.

3. Solve the system h+2y=-5
{ k+2y=-5 x+4y=S5
x+d4y=3 Eliminate the x.
k+2y=-5 = k+2y=-5
-3(x+4y =5) Sx-12vy=-15

-10y = -20
So, y =2. Substituting for y and solving for x,

x+42)=5 = x+8=5 = x=-3

OR
Eliminate the y.
-2(3x + 2y =-5) = 6x-4y=10
x+4y=95 X +4y=_5

Sx =15
So, x =-3. Substituting for x and solving for y,
(-3 +2y=-5 = I+Y=-5 =
y=4 = y=2

By either method the solution is (-3, 2).
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4. Find all real solutions (x, y) of the system of The x2 term can be eliminated by subtracting the

equations. second equation from the first equation:
{ £+$+w=w 24yt +2y=10
+4y =1
Y F +dy=7)

¥-=3 = y-2-3=0
-3y +=0
y-3=0 = y=3

y+1=0 = y:—]

Using y=3 in the second equation gives:
2+40)=1 = £+12=7 = £=-5
This is impossible, so no solution.

Using y=-1 in the second equation gives:
2ra-1)=17 = F£-4=7 =D £=11

x=iﬁ

Check each solution to make sure.
Therefore the only solutions are:

(V11,-1) ana (V11,-1).

C. Graphing devices are sometimes useful in solving systems of equations in two variables.
However, with most graphing devices, an equation must first be expressed in terms of one or more
functions of the form y = f(x) before the calculator can graph it. Not all equations can be
expressed in this way, so not all systems can be solved this way.

5. Find all real solutions to the system of equations, x’y +3xy+4y-4=0  Writey as a function of x.

correct to two decimal places. xzy 3y +dy=4 Group terms with
Py+3xy +4y-4=0 y on one side.
+4x-y=6 y(x2+3x +4)=4 Factor.
4

y=7

P4+3x+4
Pdx- y=6 Write y as a function of x.

y= Pedx-6

Solution: (-5.18, 0.13) and (1.23, 0.43)
[—ss 5] by ["'29 2]

| —
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6. Find all real solutions to the system of equations, || Write each equation as a function y in terms of x .
correct to two decimal places. 2

Xy = X =12 =3 -
{(x+2)2+(yf§)2=;2 ¢ _y_é‘
(x+22+(y-22=9
(y-2%=9 - x+2)?

y.-2=:l:"9 _ (x+2)2 Take square root of

both side, don't

orget the *
y =29 - (x +2)° Jors

Graph both half of the circle.

Top half: y =249 - (x +2)2
Bottom half:  y =2-V9 - (x +2)?

To solve, we grap121 both halves of the circle and

. X . .
the equation y == and find the intersection

points.

Solution: (=1.21, 4.90) and (0.29, 0.062)
(-3, 1.5} by -2, 5]

7. Find all real solutions to the system of equations, || Divide by x and write y as a function of x

correct to three decimal places. P-3x+2
x=3y ) . 2
y=2x-3+7
x =3y = y= %

To solve we graph the equationy = x -3 + % ,

andy = t , and the find the intersection points.

Solution; (0.813, 0.271) and (3.688, 1.228)
(0.5, 4] by [-1, 3]

pres——
r

- J
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Section 8.2 Pairs of Lines

Key Ideas

A. Solutions to systems of equations.
B. Applied linear systems.

A. A system of two linear equations in two unknowns can have infinitely many solutions, exactly one
solution, or no solutions. A system that has no solution is said to be inconsistent.

In problems 1-4, solve the system. If the system has
infinitely many solutions, express them in terms of x.
To eliminate y we add.

{ Z+2y=3 42y =3

x-2y=3 x-2y=3

4x =6 = X =

iy
"
W

Back-substituting into the second equation gives

3 3 3
(5)_2), =3 == S =
. (3 3
Thus the solution is (2 , - 4).
2, To eliminate x we multiply the first equation by 2
{ A-3y=9 and add.

—4x+6y=4 2%-3y=9 - -6y=18
—4x+6y=4 -4x+6y=4

0=14

This last statement is never true, so this system
has no solution. Further examination of this
system shows that these lines are parallel.
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We eliminate x by multiplying the first equation

%x-i-y:l by 4.
3 3x-4y= -
A+2y =1 { “ry=1 = 3x-dy=-4
h+2y=1 k+2y=1
2y=-3
3
So,y=2.
Back-substituting for y and solving for x,
3x+2(’3‘)=1 = 3x+3=1 =
Ix=2 = x=-§.
(23
The solution is (-3 ,.2).
To eliminate x , we multiply the first equation by 4
3 1 i and add.
2 fy=
7 2 Lol o= 3x-2y =4
= 27"
3x +2y=-4 3x +2y=—4 3x +2y=-4

0=0
So the two equations in the original system are
two different ways of expressing the same
equation. So we solve the second equation for y

=
-3x +2y=+4 y=3x- 4

3
y=2x-2

So, the solution of the system is ( X, % x- 2)

where x is any number.

B. Systems of linear equations frequently appear in word problems and many students find word
problems difficult. Remember to:

L
2

3.

Read through the entire problem before starting.

Assign letters to denote the variable quantities in the problem and define what each letter
represents. This helps you and others to understand what value you are looking for.
Translate the given information from English sentences into equivalent mathematical
equations involving the variables.
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5. The sum of two numbers is 28 and their
difference is 11. Find the two numbers.

6. A movie theater charges $3.50 for children and
$5.50 for adults. On a certain day, 625 people
saw a movie and the theater collected $2787.50
in receipts. How many children and how many
adults were admitted?

7. A city plans to plant 50 new trees in a
subdivision. If birch trees cost $30 each and oak
tree are $40 each, how many of each kind of
trees can they plant for $1650?

Letx = the larger number.

Lety = the other number.

Then "the sum of two numbers is 28" translates to:
x+y = 28. Also "their difference is 11"
translates to: x-y = 1l.

x+y=28
x=y=11 ADD.
x =139
So x=3—29' . Substituting into the first equation
yields:
Ziy= = y=w-27
. 39 17
Solution: the numbers are 7 and 2
Let x = the number of children admitted.
Let y = the number of adults admitted.
x+y =625 625 people attended.

3.50x + 5.50y = 2787.50  Receipt total $2787.50.
Clear the decimals in the second equation.

x+y =025

10(3.50x + 5.50y) = 10(2787.50)

Eliminate the x.
x+y =625 = =35x - 35y = -21875
35x + 55y = 27875 Bx+ 355y =27875
Dy = 6000

So y=300and x + (300) =625 = x =325.
Solution: 325 children, 300 adults.

Let x = the number of birch trees.

Let y = the number of oak trees.

x+y=50 50 trees to plant.
Xx + 40y = 1650 Cost equation.

Multiply the first equation by -30 and add to the
second equation.

-30(x +y = 50) = -30x - 30y = -1500
30x + 40y = 1650 Xz +40y = 1630
10y =150

Soy=15and x+(15)=50 = x=35

Solution: 35 birch trees and 15 oak trees.
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Section 8.3 Systems of Linear Equations

Key Ideas

A. Linear equations and equivalent systems.

B. Matrices and elementary row operations.

C. Echelon Form and Reduced Echelon Form.
D. Inconsistent systems and dependent systems.

A. A linear equation in n variables is an equation of the form a x, + a,x, + a;x, + - +a,x =c
where a, Gy, Gy, .y Gy and c are constants and X{s Xy X3y cony and x , are variables. When n < 4,
the letters x, y, z, and w, are usually used in place of the variables x,, x,, x5, x,. Each term in a

linear equation is either a constant or a constant multiple of one of the variables raised to the first
power. Two systems of linear equations are equivalent if they have the same solution set. The
only allowable algebraic operations for transforming one system into an equivalent system are

1. Add a multiple of one equation to another equation.
2. Multiply an equation by a nonzero constant.
3. _Rearrange the order of the equations.

There are several systematic procedures to simplify systems of linear equation using elimination.
The following is one such procedure.

1. After rearranging the equations if necessary, eliminate the x in the second and third
equations by adding a suitable multiple of the first equation.

2. Eliminate y from the third equation.

3. Solve for z.

4. Substitute for z in one of the equations formed in Step 1 and solve for y.

5. Substitute for z and y in an original equation and solve for x.

Remember to check the solution found in all three original equations.

1. Determine if the equation is linear or not.

a) \/21x+ 3z =5

Yes, ‘j2l , 3 and S are all constants.

NO, in the second term, 2\/;, the variable y is not
raised to the first power.

b) x+2Vy-3=23

NO, in the first term, % , the variable x is not raised
to the first power (x is raised to the -1 power).

c) % +2y-132+7w=0
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2. Solve the system using Gaussian elimination { x+y+3z=1
= IZ+2y+3z2=1
x+y+3z=1
{ 3x+2)'+3z=1 21"')""22:-3
A+y+2z=-3 Eliminate the x from the second and third
equations using the first equation.

3x+y+3z=1) o Io+3y +92=3

~Bx+2y+3z=1) Bx-2y-3z=-1
y+6z=2
“2x+y+3z=1) = 2x-2y-6z=-2
A+y+2z=-3 A+y+2z=-3
y-4z=-5
x+y+3z=1
y+6z=2
y-47=-5

Now eliminate y in the third equation, using the
new second equation.

y+6z=2
-y-4z=-5
2=-3
System in x+yy:i63§:;
triangular form: % =-3

Solve the last equation for z.

%2=-3 = z=-:21

Substitute for z back in equation 2 and solve for y.
y+6(-§)=2 =2 y-9=2 = y=1l

Substitute for y and z back in equation | and solve

for x.
x+(ll)+3( )-l=>x+(ll)+3( )-l
i1
s45=1 D a=-3
Check:
9
(—)+(ll)+3() —'+ll-§
=-10+11=1 Yes
11 9
3(—-‘5' +2(ll)+3( )---+22-§
=-214+422=1 Yes

2(--'21)+(11)+2(-§)=-11+1|-3=-3Yes
TR
Solution: ( 2.11,-2)‘
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3. Solve the system using Gaussian elimination { x+3y-z=4

2t + S5y +z=-1
x+3y-z=4
{ 2%+ 5y +z=-1 Io-y+2z=-3

-y+2z=-3 Eliminate the x from the second and third
equations using the first equation.
—2(x+3y—z=4) = -2x-6y+22=-8
A+5y+z2=-1 A+S5y+z2=-1
“y+3z=-9
x+Iy-z=4) o B3x-9y+3z=-12
K-y+2z=-3 k-y+2z=-3
-10y + 5z =-15

x+3y-z=4 x+3y-z=4
y+3z2=-9 or y+3z=-9
-10y +5z =-15 2y-z=3

(Divide the third equation by -5, to simplify it.)
Now eliminate y in the third equation, using the
new second equation.

A-y+32=-9) = 2y +6z=-I8
Zy-z=3 y-z=3
5z=-15
. X+ 3)’ -2=4
‘ System in y+37=-9
triangular form: 57=-15

Solve the last equation for z.
5z=-15 = =-3

Substitute back into equation 2 and solve for y.
»+3-3)=-9 > H-9=9 =
5y=0=y=0

Substitute back into equation ! and solve for x.
x+30)-(-3)=4 = x+3=4 = x=1

Check:

M+30-(-3)=4 yes
2(1) + 5(00) + (-3) = -1 yes
3(1) - (0) +2(-3) = -3 yes

Solution: (1, 0, -3).

B. Instead of writing the equations of a system in full, we may write only the coefficients and
constants in a rectangular array, called a matrix. Each equation corresponds to a row in the
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matrix and each variable to a column of the matrix The constants also contribute a column. One
matrix is transformed into an equivalent matrix by elementary row operations

1. Add a multiple of one row to another row.
2. Multiply a row by a nonzero constant.
3. _Interchange two rows.

There is no one way to solve a system of equations using matrices, so it is helpful to yourself and
others (who read your work) to leave a trail of the row operations you perform.

4. Write the system in matrix form and solve. 1 2 3 1
x+2y+3z=1 2131
x-y~-3z=1 13 4 2
x+3y+4z=-2 . -
R,-2R, 9 R, 12 31
- 059 4
R,-R, 2R, L0 1 1 3.
R, & R, (12 3 1]
NN 0113
L0 S5 9 -4
123 1]
_— 011 3
R, + SR, 9 R, 00 -4 -16
123 1]
—_— 0113
g 001 4.
473
Soz=4.
Back-substituting:

yez=-3 = y+@=-3 = y=-7

x+2y+3z=1 = x+2-NH+3@)=1
x=-2=1 = x=3

The solution is the point (3, -7, 4).

Check the solution to make sure it satisfies all
three equations in the original system.
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S.  Write the system in matrix form and solve. 1 15 0 2 Don't forget to
x+y+ 5z =2 1 20 11 insert O for the
x-2y+w=1 2 010010 coefficients of

2+10z+w=0 -1 2 5 -4 - missing terms.
x+2y-5z-4w=-]
R,-R, R, 033 1 4
| —
| R,-2R, 5 R, 8-32 8 14 -14
R,+R, =R, -

It is often easier to use an entry that is 1 to
eliminate the terms below it. In this case we
would like to create a 1 in the second row, second
column. The easiest way to do this is to add row 3
and row 4 and put the result into row 2. (This also
gives a 0 in the row 2, column 3 position). The
old row 2 must be moved to another row to make
room. Do not throw away row 2!

1150 2]
R,+R, 2R, 0103 3
’ 0354 1
-R,—)R3
0201 -4
R, 2R,
| 1150 2]
| Rs-3R, >R, 0103 3
— 005 8 10
R,+2R, =R, L 000 -5 -10_
Solve for w.

| Sw=-10 = w=2

Substitute back and solve for z.
| Sz +8w =10 = 5z +82)=10 = 5z=-6

6
= z=-5

y-3w=-3 = y-32)=-3 = y=3
| x+y+52=2 =>x+(3)+5(—‘§')=2

x+3-6=2 = x=5

The solution is the point (S, 3, -g , 2).

Check the solution to make sure it satisfies all four
equations of the original system.
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C. In general, to solve a system of equations using a matrix, we use elementary row operations to
arrive at a matrix is a certain form. This form is called echelon form.

A matrix is in echelon form if it satisfies the following conditions.

1. The first nonzero number in each row (reading from left to right) is 1. This is called the
leading entry.

2. The leading entry in each row is to the right of the of the leading entry in the row
immediately above it.

3. All rows consisting entirely of zeros are at the bottom of the matrix.
A matrix in echelon form is in reduced echelon form if it also satisfies the following condition.
4. Every entry above and below each leading entry is a 0.

The systemic technique of using elementary row operation to arrive at a matrix in echelon form is
called Gaussian elimination, and the process that results in a matrix in reduced echelon form is
call Gauss-Jordan elimination.

6. Determine whether the matrix is in echelon form,
reduced echelon form. Then write the system of
equations that correspond to the matrix.

a) This matrix is in echelon form.

1031
[ 0123 ] This matrix is NOT in reduced echelon form. The
0014 entries in the third column above the leading 1 of
row 3 are not zero.

This matrix corresponds to the system
x +3z=1

{ y+22=3
z=4

b) This matrix is in reduced echelon form. The 1 in
the first row, second column does not violate any
of the conditions. The second column does not
contain the leading entry of a row

—
O -
co s
o~o
-0
oL &

This matrix correspond to the system

x +4y=4
z=-2
w=6
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7.

8.

Find the unique solution using Gauss-Jordan

elimination.
x +3y=2
2&t+5y=1

Find the unique solution using Gauss-Jordan

elimination.

|

x-3y+3z=-2
A+3y-2z=1
Ik-10y+6z=1

x +3y=2 132

{ u+Sy=T _257]

R-2R, 2R, = 3 ,7 R,

— lo13] —
132 R R=2R rion
01 3 01 3

So x=11 and y = -3. The solution of the system
is (11, =3).

1 3 3 2
2 3 -1
3-106 1

R,-2R, 9 R, (1 3 3 27
- 09 75
R,-3R, >R, L0 -1 3 74
R, & -R, [1 3 3 2]
—_ 01 3
L0 9 7 5.
R,-9R, 5 R, (13 3
- 01 3 9
L0 0 -3 &
3R, (133 2]
_— 0133
L0 0 1 2]
R,-3R, =R, (130 4]
- 010
R,-3R,~ R, L0 0 1 2.
R,+3R, 2R, (100 1
_ 010 -
L0012

So the solution to the system is (1, -1, -2).

D. A system that has no solution is called an inconsistent system. A system is inconsistent when
we try to use Gaussian elimination to get a triangular system and we end up with an equation that
is always false. The false equation always has the form 0 = N, where N is nonzero number. A
system that has infinitely many solutions is called a dependent system. The complete solution
to such a system will have one or more variables that are arbitrary, and the other variables will
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depend on the arbitrary one(s). If we use Gaussian elimination to try to change a system to
triangular form, discard equations of the form 0 = 0, and if the resulting system has more variables
than equations, then the system is dependent.

Find the complete solution to each system of
equations, or show that none exists.

x-Ty+5z=6 1 57§ 6
9, A+3y-2z=5 2 3 -5
dx-11y+9z=10 4-11 9 10
R,-2R, 2R, 17 5 6]
_— 01 -1 4
R,-4R,- R, 017 -11 -14
17 5 6]
—_— 017 -11 7
R,-R, R, 00 0 -7

Since the last row corresponds to the equation
0 = -7, which is false, there is No solution.

10. Write the system in matrix form and solve. 1021 2
X -27+w=2 11517
X+y+52+w=17 213209
+y+3z+2w=9 311313
X+y+z+3w=13 -
10-212
R,-RoR, 01705
Y
R,-2R, 9 R, 01705
R,-3R, R, 01707,
10-212]
Ry-R, - R, 01705
—_—
00 000
R,-R, R, 00002

Since the last equation, 0 = 2, is false, there is NO
solution.
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1. Write the system in matrix form and solve.

x-2y-2z+2w =-3 1222 3
x+2y+2z+44w=5 12 24 5
x-6y-6z=-11 1 6 6 0 -11
-2y -2z +5w=-2 2225 2
R -R R (1 2 2 2 3]
1~ 8y 2R, 04 4 2 8
R,-R, 2R, 0-4 -4 2 8
R,-2R, >R, L0022 1 4
(1 2 2 2 3]
R, oR, 02 2 1 4
—_— 0 -4 -4 2 -8
| 004 4 2 8 ]
12223]
R,+2R, - R, 02 21 4
—_— 00 000
R,-2R;, - R, 00 00O
12223
1
01 152
lp 00000
2™
00 00 0]
10031 ]
R,-2R, >R 1
17T 01132
00000
00000
This system is dependent since this matrix has 2

equations in 4 variables. We solve the first
equation for x in terms of w and then we solve the
second equation for y in terms of z and w.

x+3w=l = x=1-3w

! 1
y+z+2w=2 = y=2-2z- i

Solution:

x=1-3w
1
y=2-z-2w

Z = any real number
w = any real number
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12.  Write the system in matrix form and solve.

x+2y-w =0 120410
x+y+z+w=38 1111 8
R+dy-z+w=-5 3441155
A+3Jy-2=-6 231 0 -6

(12 0 4 0]

R,-R - R, 041 2 8

R,-3R, » R 02 45

DL 04 2 6

R,-2R, 5 R, . .

(12 0 4 0]

01 -4 2 -8

—_— 024 45

R, [0 41 2 6]

1204 0

R,+2R, 9 R, 0142

—_— 003 0 -21

R,+R, 2R, L0022 0 -14 ]

Again, since it is easier to work with a 1, we create
a 1 in row 3, column 3 position.

12044 0
011 -2 -8

- 001 0 7

-3R, 002 0 -14 |

120 - 0]
01- 2 -8

— 001 0 7

R,+2R, 9 R, 000 0 0

R +R. R (1204 0]

A B 010= -

-_— 0010 7
(000 0 O
(100 3 2]

R,-2R3—>Rl 0102

—_ 001 0 7
L0000 0]

z=1

y-2w=-l = y=-1+2w

X +3w=2 = x=2-3w

Solution:

x=2-3w y=-1+2w

z=1 w = any real number
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Section 8.4 The Algebra of Matrices

Key Ideas

A. Matrix terminology, addition/subtraction and scalar multiplication.
B. Inner product and matrix multiplication.

A. The dimension of a matrix is the number of rows by the number of columns, expressed as R x C
and read as 'R by C'. The numbers in a matrix are called entries and are referred to by their row,
column location. So in matrix A, the term a;; is the i-row j-column entry. Two matrices are equal
if and only if they have the same dimensions and the corresponding entries are equal. Two
matrices can be added or subtracted whenever they have the same dimension. The resulting
matrix is found by adding (or subtracting) the corresponding entries. A constant times a matrix is
found by multiplying every entry in the matrix by the constant. The constant is called scalar and
the product is called the scalar product.

Carry out the algebraic operation indicated in each
exercises, or explain why it cannot be performed.

L les Y]

Adding the corresponding terms we get
25 8 S5
+
07 S5 4
2+8 =5 +(-5)
1 0+¢-5) 7+4

10 -10
s on

218 § 2 - 218 g 2 -l
N30 05 4 130 05 4
2 709|132 709|713 =2
218 103 218 10 3
2-8  1-(=2) 8-(I)
| n-o 3-¢% o-4
=1 121 0-3 9-(<2)
| 2-1 1-0 8-3
%3 9
2
=16 31
L3 1§
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wad, s
bovo

— &b
ocrow

b)u-;b.&

o b=k

W o= W AN

4 0 23 4
9 3 2 605
6 2 541
32103
2-4 2.0 2.-2 2-3 2-4
|23 2.2 2.6 2.0 2--5
- 2:6 2-2 2--5 2-4 2.1
. 23 2.-2 2-1 2:0 2-3
8 0 -4 6 8
_I6 4 <12 0 -10
|2 4 <108 2
| 6 -4 2 0 6
, 4 0 7
Although the scalar product, 2| 3 4 -11 | s
26 0

possible, the result is a 3 X 3 matrix and that
cannot be added to a 5 X 2 matrix.

B. If A is a row matrix (dimension 1 X n) and B is a column matrix (dimension n X 1) then the
inner product, AB is the sum of the products of the corresponding entries. That is:

[

1
b2

b

= [albl tab,+..+ab ]

Suppose that A is an m X n matrix and B is an n X k matrix; then the product C = AB of two
matrices is an m X k matrix, where the entry . i is the inner product of the ith row of A and the jth
column of B. Helpful hints when finding matrix products:
1. Always check the dimension of the matrices first, to make sure that the product is possible
and to find the dimension of the resulting matrix.

2. The ij-entry in the product matrix uses the ith row from the first matrix and the jth column
from the second matrix.

(AB)C = A(BC)

AB+C)=AB +AC

Let A, B, C, and D be matrices for which the following products are defined. Then

Associative Property
(B+C)D=BD +CD Distributive Property

The matrix product is not commutative, that is, AB # BA.
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Find each matrix product or explain why it cannot be
performed.

S 1 72
5. | 45|
41 2 31

sronl,
whwneo

210 42
003 -2

218

This is the product of a 3 X 2 matrix times a2 X 2
matrix. The product is possible and the result is a

3 X 2 matrix.

BN

[ 3D +13) -3(2) + 1(1)
=| -47)+503) -4(2) +5(1)
L -1 +203)  -1(2) +2(1)
[ 2143 —6+1
=| 28415 -8+5
R 7+§ -2+2
(24 5
= 8 3
L 13 0

This is the product of a 2 X 5 matrix times a 4 X 2

matrix. Since the 5 and 4 are not equal this
product is not possible.



N O
O O\

N WA
Heo

Lowd,

—

ol
—

L e o

O W N —

D

0" o —-O

w w

This is the product of a 3 X 4 matrix times a 4 X 2

matrix. The results is possible and is a 3 X 2
matrix.

K 2

1 -4 |.
[ 50 2
[0(1) +9(2) -3(3) +2(0) 0(0)+ 9(1) - 3(0) +2(5)

1(1) +0(2) +3(3) -4(0) 1(0)+ O(1)+ 3(0)- 4(5)
L 5(1) +0(2) -1(3)+ 2(0) 5(0) +0(1) -1(0) +2(5)

cow
w

—
O W =
NO — O

[ 0+18-9+0 0+9-0+10
140+9-0 04+0+4+0-20
L 5+40-3+4+0 0+0-0+10

(9 19
10 -20
L2 10

This is the product of a 3 X 3 matrix times a 3 X 3
matrix. The product is possible and the result is a
3 X 3 matrix.

4 0 7 6 2 -5
34 -11(-]1413
26 0 213

[ 24+0-14 8+0+7 -20+0+2l
18416422 6+4-11 -15+12-33
| 12-244+0 4-6+0 -10-18+0

[ 10 15 1
% -1 -36

L ~-12 2 -28
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10.

220

Write the system of equations as a matrix
equation.

x+2y-2=0
a) x+y+27=9
X+dy-z2=-5

x=-3y+z+w=-3
x+4y+z+4w=S$

b) x—-6y-6z=-11
x=2y-2z+5w=3
4 3 3
LetA =] -1 0 -
-4 -4 3
Find A%and A

— gt et s

LA s b

& o= —
wm O e

L R
"

T N2 x

OO

(=2 =]
-0 O



Section 8.5 Inverses of Matrices and Matrix Equations

Key Ideas

A. The identity matrix and the inverses of 2 by 2 matrices.

B. Determinants and inverses of larger matrices.
C. Matrix equations.

A. The main diagonal of a square n X n matrix is the set of entries a, | a,, @,,..a, . The
identity matrix [ is the n X n matrix where each entry of the main diagonal is 1, and all other
entries are 0. Identity matrices behave like the number 1 does in the sense that A-I =A and [ -
B = B, whenever these products are defined. If A and B are n X n matrices where A-B=B-A =
I, then we say that B is the inverse of A, and we write B = A"l The concept of the inverse of a
matrix is analogous to that of a reciprocal of a real number; however, not all square matrices have
inverses. When A is a 2 X 2 matrix, the inverse of A can be calculated (if it exists) in the

a

. b a1 d
following formula. If A-[ e d ]. thenA™ = ad—be [ -

;b ] , provided ad - bc # 0.

The quantity, ad - bc is called the determinant of the matrix A. Matrix A has an inverse if and
only if the determinant of A does not equal 0.

1.  Are the following pairs of matrices inverses of

This question asks: Does AB =1 ?
each other?

Check by finding the product.
11 11

47 "3 9 4 1 39 = 9

Y Las ™1 4 Poslaa] |1 &|= 0
3 79 3 79

11
41 "3 9 1 0
33 1 417 [o1
3 9

So, these two matrices are inverses of each other.

1 1 -l 3 411
Does| 1 2 -l -1 10 =13?
-1 4 2 1 01

1o
=] 01
00

1 So, these two matrices are inverses of each other.

|
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2. Find the inverse of each 2 X 2 matrix, if it exists.

o [47]

ab
Use the formula; if A =[ p ] then
c

Al 1 d b
. -ad-bc - a

First find ad- bc: 4-5-7-3=-1

So A7 5 4
=T 3 4
S 7
3 -4
Use the same formula as in Question 2a above.

First find ad- bc: 9.-8-6-12=72-72=0
So this matrix has no inverse.

Use the same formula as in Question 2a above.
Firstfind ad- bc: 2-5-3-(-3)=10+49=19

:sr'—l— d b
1 %7 “ad-bc| < 4

1 53]
A4=—[
19 32 ]

B. One technique to calculate the inverse of an n X n matrix A is to augment A with I , the identity
matrix. Then use row operations to change the left side to the identity matrix. That is, start with

[A : I ] and use row operations to get the matrix [ In : A’ ]
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£
=
<
g
&
=
<

Find the inverse of each matrix.

3

— N

[
N e— <

— e )

b) B

223

half of the matrix is all 0, the

Since the last row of the left
matrix B has no inverse.
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C. A system of linear equations can be written as a matrix equation, A-X = B, where A is the
coefficient matrix, X is the matrix of unknowns, and B is the constant matrix. The solution to

the matrix equation is found by multiplying both sides by A~!, provided the inverse exists:
AX=

AlAX)=A"1B
(A lA)X=A"'B
I X=A"B
X=A"B
Remember, the matrix product is associative but it is not commutative, so the side you use to
multiply by Alis important.

4. Write the system of equations as a matrix A-X=B can be solved by the matrix product
product and use the inverse you found in _ad . a4 ..
Problems 1, 2 and 3. X = A" B provided A™ exists.

4x +2y =1 42 [ _ |7
9 Y 3x+dy=-3 I

The inverse was found in Problem 1a.

. [
x| _ 2 73 7
y] T 12 3
| 72 3
- - [ 9
| _| 2
- 11
A _‘7

b) Write the system in matrix form and solve. |l [ 4 4 ] [ x:I [2]
4x+T7y =2 ) =
3%+ 5y =1 L33 ¢ :

The inverse was found in problem 2a.
] [+ 7 2] [
y| T |3 4 1 |2
Check:

4-3)+72) =-12+14 = 2
3-3)+5(2) =-9+10 =1
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¢) Write the system in matrix form and solve. [ 2 3 :l [x] {.95]

2 +3y =95 .
{ 3x+5y=16 331 b *

The inverse was found in Problem 2c.

33
x| _[ 19 719 95 _ |3
y] T3 2 % | |4
19 19

Check:
2=37)+3(-7) = -74-21 = -95
“3-3ND+5-7) = 111-35 = 76

d) Write the system in matrix form and solve. 1 1 -1 x 3
Xx+y-z=-3 1 2 - yl =16
x+2y-2=6 z 4
x-y+2z=4 -1 -1 2

The inverse was used in Problem 1b.

x J A1 3
yl=l410]| -]6
z 1 01 4

Check:

1D+ -(1) = ~-11+49-1 = -3
ID+29)-1) = -11+18-1=6
“-11)-9+2(1) =11-9+2 =4



k+y+16z =3
243z=-5 -203
The inverse was found in Problem 3a.

’x] [ 30 2] [5]
yl=|-1414] .|3
Lz 2 0 -5
X -25
z 15

S

e) Write the system in matrix form and solve. (10 2 x 5
b4

{ X+22 =5 61 16

Check:

(<25) + 2(15) = -25+30= 5

6(<25) + (-87) + 16(15) = -150-87 + 240 = 3
2(-25) + 3(15) = -50+45 = -5

f)  Write the system in matrix form and solve. 733 x 4
*-Jy-3z =4 410 [y]:[-Z]
ity =-2 40 1 : !

<x+2z=1
The inverse was found in Problem 3c.

x (13 3] 4
Yy =143 . -2
zd L34 1
x| 1]
So,| ¥ -1
zd 2

Check:
M) -3(=1)-32) = 7+3-6 = 4
M+El) =-1-1= -2
+@ = -1+2 =1
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Section 8.6 Determinants and Cramer's Rule

Key Ideas

A. Determinants, minors, and cofactors.

B.

Invertibility, or "When does matrix A have an inverse?"

C. Cramer's rule.

A. The determinant of the square matrix A is a value denoted by the symbol |Al. For a

1 x 1 matrix, the determinant is its only entry. When A is the 2 x 2 matrix [ ‘Cz Z ] the

determinant of A is |Al = l g Z I =ad - bc. To define the determinant for a general

n X n matrix A, we need some additional terminology. The minor M_ . of the element a, . is the
determinant of the matrix obtained by deleting the ith row and jth column of A. The cofactor A
associated with the element a__ g is: Au = (-1)f +JM i The determinant of A is obtained by

multiplying each element of the first row by its cofactor, and then adding the results. In symbols,
this is;

4G Gy Gy,
a a coe a
21 %22 2n
w=1 - . L =a A ta At ta AL
an 1 an 2 ann
This is called expanding the determinant by the first row.

Hints:

1. The cofactor of a‘.jis just the minor of a; multiplied by either 1 or —1, depending on whether
i +jis even or odd.

2. The determinant can be found by expanding by any row or column in the matrix; the result
will be the same. Usually the row or column with the most zeros is used.

1. Find the determinant of each matrix.

)53 >3 = 5.(-2)-3.-7=-10-21= -31

Yl 79| = 2R3 T=A0-a= -
01-=2 Expanding by the first row:
b) 4 03 2(1).32 . 03
‘121 = +
121 21

19(0)) X (D(=2)
SUON B AR S

=0-4+3)-28-0)= -7-16=-23
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0102 Expanding by the first row,
) 1 010 0102
91 4032 L o010
3121 4032
3121
110 1 01
=-114 32) 2|14 03
321 312
= ~1-(-11)-2-1=9,
since,
Lo 32 4 2
4 32| = -
=3-4)~-4+6) = -11
and,
Lol 03 4 0
4 03] = +

= (0-3)+@4-0) = 1.

B. A square matrix with a nonzero determinant is called invertible. A square matrix is invertible if
and only if A™! exists. So, A~ exists if and only if Al # 0. Also, if the matrix B is obtained from A
by adding a multiple of one row to another, or a multiple of one column to another, then |Al = |BI.

213 Expanding by the second column yields:
2. Find the determinantof A =| 1 0 -4 |and

213
2010 10-4|aq|' ™
the determinant of the matrix obtained by 2 10
replacing the bottom row by R, + 2R, 20100
=-1-(10-8) = -2

21 3

4] —— 10 -4
R,+2R,—)R3
213

Expanding[ 10 -4 ]by the last row yields:
00 2

2| 2 e 20-1 = =2
=l |=2%0-b=-
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C. The solution of linear equations can sometimes be expressed using determinants. An n variable, n

equation linear system Wl'_i_ltelrl. in_matrix eq%ation form is:
G Yy T Gy, . b,
Gy Gy 7 G, [[R] | b

— anl 4y G - —xn- —"1 -

Let D be the coefficient matrix and let D, be the matrix obtained from D by replacing the ith
column of D by the numbers b, bz' b Cramer's Rule states that if ID| # 0 then:

2% B LA 1, |
X = Dl ' Xy = Dl boven s X = DI

3. Use Cramer's to solve the matrix equation. 1 0 2 00 2
1 0 2 x 0 D=|2 176 D = 276
276 1-|yl=12 243 L3 -1 3.
2 -1 3 z 3 102 (1.0 0]

[226 D, = 272
233 L2 -1 3.
Expanding by row 1:
76 21
DI = 43 +2 )

= (2146)+2(-2-14) = 27-32=-5
Expanding by row 1:

D|=2
Li=2{,
=2-(-2-21) = -46
Expanding by row 1:
26 22
1B, =
33 23

= (6-18)+26-4) = -12+4 = -8
Expanding by row 1:

D, |= 43 =(21+2) =23

So,

Bl 46 46

I T, Y
5,1 8 s

Y=IDI T $5%5
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Section 8.7  Systems of Inequalities

Key Ideas

A. Graphing inequalities in two variables.
B. Systems of inequalities.

A. The graph of an inequality, in general, consists of a region in the plane whose boundary is the
graph of the equation obtained by replacing the inequality sign by an equal sign. The points on
the boundary are included when the inequality sign is 2 or < and this is indicated by a solid
boundary. When the inequality sign is > or <, the points on the boundary are excluded and this is
indicated by a broken curve. To determine which region of the plane gives the solution set of the
inequality, pick a point not on the curve, called a test point, and test to see if it satisfies the
inequality. If it does, then every point in the same region will satisfy the inequality. If it does
not, then every point in the same region will not.

Graph the following inequalities.

1L x+y24 x+y?=4 = y?=_x + 4 s a parabola, with a
vertex at (4, 0) opening to the left. Using the
point (0, 0) as a test point:

Test pt. Test

(0, 0) ) + (0)2?2 4 No

9
(6. 10) ©+(10*2 4
Iy | Since (0’ 0) is i
inside the region,
the solution lies
outside of the
parabola. Because '
2 is used, we Al
graph the parabola -
with a solid line.

2. 4xT+9y7<36 ax2+9y2=36 = §+%=l is an ellipse.
Using the (0, 0) as a test point:
Test pt. Test

(0, 0) 40)% + 9(0)2% 36 Yes
(7, 8) 4Nt +98)r < 36 No
Yy

Since (0, 0) is
inside region, the
solution lies inside
the ellipse.
Because < is used,
we graph the
ellipse with a
dotted line.
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3. xy>4

y=4 = y=% is a hyperbola that has been

rotated. Using the points (-5, -5), (0, 0), and
(5, 5) as test points:

Test pt. Test \

(-5, -5) 5)-5) 30 Yes
0, 0) 0O 3 0 No
G, 5) )5 > 0 Yes

-

Here we took
more test points
than we needed
to be on the
safe side. The
solution is
outside the two
branches of the
hyperbolas.

B. The solution to a system of inequalities consists of the intersection of the graphs of each
inequality in the system. The vertices of a solution set are points where two (or more)
inequalities intersect. Vertices may or may not be part of the solution, but they show where the
corners of the solution set lie. An inequality is linear if the equality is the equation of a straight

line, that is, if it is one of the forms:

ax+by2c ax+by<c
4.  Graph the solution set of the system of
inequalities.
x+y <3
+2y 25

232

ax +by>c ax +by<c

Graphx +y = 3 with a dotted line and graph
3x +2y = § with a solid line. The vertex here is

obtained by solving the system of equations

x+y We solve by substitution.
W+2y =5 Solving the first equation for
y gives y=3-x, and
substitution into the second equation gives
k+23-x)=5 = Ik+6-2x=5 =
x=-l. Thusy = 3 - (1) = 4, and the vertex is at
(-1, 4). Test point (0, 0).

Test pt. Test .

(0, 0) 3(0) + 2(0)

So (0, 0) EREUWA CRNEY (RS
satisfies the first

inequality but

not the second.




5.

6.

Graph the solution set of the system of
inequalities.
{ P+dx+ y S -6

x+y > -6

Graph the solution set of the system of
inequalities.
Z+y>9
2+y 28
<x+3y 23

Graphx? +4x + y < —6 with a solid line and
graphx + y > -6 with a dotted line. We solve
the system of equation, and find that the vertices
are at (-3, -3) and (0, -6).

Test point (0, 0).

Test pt. Test

©, 0) (0)2 + 4(0) + (0) <6 Mo
0, 0 0) + (0) Z -6 Yes
So (0, 0) satisfies x +y > —6 but not
Prdx+y S -6,

.

Graph2x+y 2 8and -x + 3y 2 3 with a solid
line and graph 3x +y > 9 with a dotted line. Next
we use the test point (0, 0) to determine which of
the regions satisfies the system of inequalities.

Test pt. Test )
, 0) 3(0) + (0) 39 No
(, 0) 2(0) + (0) zq 8 No

©, 0 —0) +3(0) 23 No
So (0, 0) satisfies none of the inequalities. Thus

| the solution to each inequality does not contain

the origin. Next we find the vertices of the region.

The equations x+ y =9 and 2x + y = 8 intersect at

(1, 6). The equations 2x+y =8and -x +3y = 3
intersect at (3, 2).
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Section 8.8 Partial Fractions

Key Ideas

A. Concepts of partial fractions, four types of denominator factors.
B. The steps of partial fraction decomposition.

A. Let r be the proper rational function r(x) = IQ)—((% , where the degree of P(x) is less than the degree
of Q(x). The goal is to express the proper rational function r(x) as a sum of simpler functions
called partial fractions. Every polynomial with real coefficients can be factored completely into
linear factors and irreducible quadratic factors, that is, into factors of the form ax + b and of the

form ax? + bx + ¢, where a, b, and c are real numbers. There are four possible types of factors.

1. Each linear factor that occurs exactly once in the denominator leads to a term of the

form (where A # 0).

ax+b
2. Each irreducible quadratic factor that occurs exactly once in the denominator leads to

a term of the form _Ax+B (where A and B are not both zero).
ax® +bx+c

3. When the linear factor is repeated k times in the denominator, then the corresponding partial
fraction decomposition will contain the terms:

A A, Ak
b T @+bl T Y (e by

4. When the irreducible quadratic factor is repeated m times in the denominator, then the
corresponding partial fraction decomposition will contain the terms:

Ax+B ,42,t+B2 Ax+B
— + 5 e+ _m__J_m
tbx+c (a12+bx+c) (a_t2+bx+c)

The number k and m in types 3 and 4 above are called the multiplicity of the factor.

B. The technique of partial fraction decomposition can be broken down into the following steps:

1. If the rational function is not proper, perform long division and then apply partial fraction
decomposition to the (proper) remainder.

2. Factor the denominator into linear and irreducible quadratic factors. Express the rational
function in its partial fraction decomposition with unknown constants as discussed in part A.

3. Multiply both sides by the common denominator. Simplify the result by grouping like terms.

4. Equate corresponding coefficients. That is, the coefficients of the x* term on either side of

the equation must be equal. As a result, this leads to a system of linear equations based on
these coefficients. Solve the resulting system of linear equations.
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Find the partial fraction decomposition of the given
rational function.
2x+15

1. Z-x-12

2 30+ w?-_3x-3
‘ L

Since x2~ x - 12 = (x - 4)(x + 3) we have
2x+15 A B

Pox-12  1-47 xe3

Multiply both sides by the common denominator.
2x+15 = A(x+3) + B(x-4)

2x+15 = Ax+3A + Bx-4B

2x+15 = (A+Bx +3A-4B

{ -2=A +8B

15 = 3A-4B
-3(-2=A +B) = 6 = -3A -3B
15 = 3A-4B 15 = 3A-4B
21 = -7B

So B =-3. Substituting,

| 2=A4 +B=A+(3)
| A=1
| Thus,

25415 1 3
Pox-12 x-47 x+3

Since x*+ 2 = x’(x + 1), the factor x has

| multiplicity 3.
| 3+22-32-3 4 B

_A B C D
'x+x2+r"+x+l

Ao

Multiply both sides by the common denominator.
| 33 +242-3x -3

=AX(x+1)+ B(x+ 1)+ C(x + 1) + D&
Multiply and simplify:
3w +2ut-3x-3

=AC + D + A2 + B + Bx + Cx+C

Set the coefficients equal and solve.
© terms: 3=A+D
» terms: 2=A+B
x terms: -3=B+C
constants: -3=C

Solving: C=-3,B=0,A=2,and D=1,
Thus,
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Aosxted

X
Since —g——7— is not a proper fraction, we

P-sxtea
must first do long division to get a proper fraction.
P S -4x

P-5xtea =T Aosxtea

Now factor the denominator.

Hosxted = 2-1)(P2-9)
=(x=-Dx+D)(x-2)(x+2)

-4 A B _C D
Posted x-1T a1t 2t xe2

Multiply both sides by the common denominator.
S —dx = A(x + 1) - 4) + B(x - 1)(2 -4)
+COE = 1)(x +2) + D(x*-1)(x-2)

Instead of writing a system of 4 equations in 4
unknowns, we use substitution to find the values A,
B,C and D. ,
If x = -1, then the equation becomes:
5(-1)3 - 4(=1) = 0A + B(=2)(- 3) + 0C + 0D

1

So -5+4=6B = B=-¢
Ifx = 1, then the equation becomes:

5(1)° - 4(1) = A(2)(=3) + 0B + 0C + 0D
1

So 5-4=-6A = A=-¢
Ifx = 2, then the equation becomes:
52 -4(2)=04 +0B+ C(3)4) + 0D

32 8
So 40-8=12C = C= 12 = 3

Ifx = -2, then the equation becomes:
5(-2)3-4(-2)= A + 0B +0C + D(3)(- 4)

32 8
So -40+8=-12D0 = D= 12° 3
SO - dx

Pd-5xt+d P-5xt+ 4

1 1 8 8
S S S M
=t ittt a2

1 1 8 8

=X ex-1D " 6x+1) T 3x-2) *3x+2)



4,

3 - x2 4+ 15x - 1

Artxl+1s

Factor the denominator.

Aesx?+15 = (2+3)2+9)

Since both factors are irreducible quadratics we
must have

W oa4l5c -1 Ar+B Cx+D
Aetatels T 2437 2

Multiply both sides by the common denominator.

W -2+ I5x- 1
(Ax + BYx2 +5) + (Cx + D)(x* +3)

AP + B +5Ax + SB+ Cx° + Dx*

+3Cx+3D
=(A+0°+@B + D+ (5A+3Ck
+ 5B +3D
Set the coefficients equal and solve.
£ terms: 3=A+C (el)
£ terms: -1=B+D e,)
X terms: 15 =54 +3C (e;)
constants: -1 =5B+3D (e)
e, — e, yields
15 = 5A + 3C
-9 =-34 -3C
6 =24 = A=3
Thus3 =A+C = C =0
e, - e, yields
-1 =5B + 3D
3=-3B -3D
2=28 = B =1
Thus-1 =B+D = D=-2

Therefore, we have

Woaa s -1 Bel 2
Hesxlels T 43 +5
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Section 9.1 Parabolas

Key Ideas

A. Parabola definitions.
B. Relationship between parts.

A. Graphs of equations of the form y = ax? + bx + ¢ are parabolas. A parabola is the set of points in
a plane equidistant from a fixed point (focus) and a fixed line /(directrix). The vertex is the
point where the parabola changes direction. The parabola is symmetric about its axis.

B. Parabolas with focus at F(0, p) and directrix y = —p are given by the equation x> = dpy, their
vertex is at (0, 0) and they are symmetric about the y-axis. Parabolas with focus at F(p, 0) and
directrix x = -p are given by the equation y2 = 4px, their vertex is at (0, 0) and they are
symmetric about the x-axis. The latus rectum is the line segment that runs through the focus
perpendicular to the axis. Its length is called the focal diameter and is l4pl.

In problems 1 and 2, find the focus, directrix,
and focal diameter for each parabola. Sketch

the graph.
1. -42= y First solve for the squared term, x2
42 = y = 2 =- ‘l“y
1 1
Sodp = - ) = P=-1%
1
Focus: (0,-— 16)

Directrix;

_ 1) _ 1
Y=-L"16) T 16

Focal diameter:
1
4 (‘ 16
2

2. x - yz =0 First solve for the squared term, y*
Z)x-y2=0 = y2=20x
Sodp = 20 = p=S5
Focus: (5, 0)
Directrix:
x=-5

Focal diameter:

Mpl = |4-9 = 20.

upl =

N L
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3. Find an equation for each parabola sketched.

2 v Since the directrix of this parabola is at x = 15, we
i directrix have p = __;_.
§ _ Since thls parabola opens horizontally, we use the
E x form: y2 = 4px
i Applying:
ix=21
=2 y? = 4( )
= ~2x
b) Since the focus of this parabola is at (0, -2) we
't have p = - 2.
Since this parabola opens vertically, we use the
form: x? = 4py.
> Applying:
’0-2 2= 4- 2)y
focus 2o 8y.

4. Find an equation for the parabola described. The
vertex of the parabola is to be the origin.

a) Its focus is at (0, -5). Since its vertex is the origin and the focus is
below the x-axis, this parabola opens downward

and we seek a parabola of the form 2= 4py.
Since p = -5 we have:

2 = 4-5)y = -20y
2 = =20y
b) Its directrix is x = -7. Since the directrix is the vertical line x = -7, this

parabola is of the form y* = 4px

The directrix isatx = -p = -p=-1
p=1

The equation is: y2 = 4(T)x = 28x

y2 = 28x.
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Section 9.2 Ellipses

Key Ideas
A. Ellipses and their parts.

A. An ellipse is the set of points in the plane the sum of whose distance from two fixed points (foci)

is a constant.

Ellipse Horizontal Major Axis Vertical Major Axis
Equation ;2-+yb—§=l izi-e-ya—i:l
Characterized a>b a>b
Vertices (£a, 0) 0, ta)
Major axes (-a, 0) to (a, 0) (0, —a) to (0, a)
Length of major axis 2a 2a
Minor axes (0, -b) to (0, b) (~b, 0) to (b, 0)
Length of minor axis 2b 2b
Foci (£c, 0) 0, c)

a* = b + ¢ a? = b* + ¢?
Eccentricity % f—l

In Problem 1 and 2, find the vertices, foci, and
eccentricity of the ellipse. Determine the lengths of
the major and minor axes. Sketch the graph.

2.2

1. 49+64

= L

2 2
First, express in the formx? + )’8-2 = 1.

Since 8 > 7, the major axis of this ellipse is
vertical.

Vertices: (0, -8) and (0, 8)

Length of the major axis: 2(8) = 16

Length of the minor axis: 2(7) = 14

To find the foci and eccentricity we need to solve
the equation b% = a? + c2forc.

£=14+c2 = 64 =49 + c?
=15 =

=15
Foci: (0,‘]?) i
wd (0.-V15) ©

Eccentricity: TIS
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2.

242

a? + 25yt =

1.

We first need to express the equation in the form:

S0 AR I
az+b2-].8mcew- ) .

W,

2 + 25y% = 2 + i ,and so the
(4
(4) 25
equation can be exprcssed as
O 6
2

1 1.1 .
Soa = 2 and b = 5 Since 2> % the major

axis of this ellipse is horizontal.

N (1. )
Vertices: (- 2,0) and \ 5,0 ).
Length of the major axis: 1

Length of the minor axis: %

To find the foci and eccentricity we need to solve
the following equation for ¢

D) -G = iz% 2

[
25 = 4 + 100c? = 100c? = 21
2 _ 2 _ Va2
€ = 100 )
Foci: (- 10 ,0) d(lo ,0 )
Eccentricity:

V21
10 _Ya
£

1
2

—




K

Find an equation for an ellipse that satisfies the
given conditions.

a) Foci (15, 0), vertices (£13, 0).

b) Length of major axis is 8, length of minor
axis is 5, foci are on the x-axis.

¢) Length of major axis is 34, foci (0, £8).

2y
Using the form: ;5 + P2 = 1, we are given
a=13,c = S,anda > b.
Nextfind b: a® = b% + c?
B2=p2+52 = 169 = b + 25
b = 144 = b =12
2P
169 " 144 T

Since the foci are on the x-axis, the major axis is
horizontal. We are given2a = 8 and 2b = §, so

a=4and b =é.
£ _F
o

2

6t 5

Since the foci are on the y-axis, the major axis is
vertical. We are given ¢ = 8and 2b = 34, so
b=17

b = a? + c?

Mt=424+8 =
at = 225

£l

25 T w T

289 = a* + 64
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Section 9.3 Hyperbolas

Key Ideas
A. Hyperbolas and their parts.

A. A hyperbola is the set of points in the plane, the difference of whose distance from two fixed
points (foci) is a constant. A hyperbola consists of two parts called branches. Each branch

approaches the asymptotes y =+ (%) x. There two types of standard hyperbolas, those with a

horizontal transverse axis and those with a vertical transverse axis. A convenient way to sketch a
hyperbola is to draw a box 2a by 2b centered at the origin. The diagonals of the box are the
asymptotes and the points where the sides intersect the x or y axes are the vertices.

Hyperbola Horizontal Transverse Axis Vertical Transverse Axis
2 P P 2
ti = - = - =1
Equa on a2 b2 1 bz a2
Vertices (ta, 0) (0, 1b)
Asymptotes y = :t(% x y = :t:(’fz x
Foci (xc, 0) 0, £c)
¢ = a* + b? ¢t = g + b?

In Problems 1 and 2 find the vertices, foci, and
asynx\zptotes of the hyperbola. Sketch the graph.
- Lz =1 Since x? is the positive term in the equation
6 % 2 - ’;—2 = 1, this hyperbola has a horizontal

transverse axis (that is, it opens horizontally).
Vertices: (-8, 0) and (8, 0).

To find the foci, we solve the following equation
for c.

=64 4+36=10 = c=10
Foci: (~10, 0) and (10, 0)

Asymptotes: y = :t:%x = :I:%x.
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2. 4%+ 36 = 9yZ Before we can do anything, we must first express
this in a standard form. First isolate the constant

term.
4x2+36-9y2
36 = 9y - 42

Next divide by 36 to get the 1 and find a and b.
1 = YE - ﬁ = Lz - {3

49 - 27 3
This hyperbola opens vertically.
Vertices: (0, -2) and (0, 2).
To find the foci, we need to solve the following
equation for c.

=4+9=13 = c=\ND

Foci: (0,-V13 ) and (0,V13)

Asymptotes:
y=t= % x.

3. Find an equation for the hyperbola that satisfies
the given conditions.

a) Foci (15, 0), vertices (19, 0). This hyperbola has a horizontal transverse axis,
and we are givena = 9andc¢ = 15. Find b and

: S S
put into the standard form: 27 1.
52=924+52 = 25-81=F =

b = 144 = b=12

Thus the equation is

2 7 2 2

g 2= = §-ia=t

b) Vertices (0, £ 10), asymptotes y = t53 x This hyperbola has a vertical transverse axis, and

we are given b = 10 and b‘ = %

E=§ = a=6

a 3

Thus the equation is

ﬁz % » £
02~ ¢ =! = 0~ 3% <!
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Section 9.4  Shifted Conics

Key Ideas
A. Equations of shifted conics, general equation of a conic.

A. When a conic is shifted 4 units in the x direction and k units in the y direction, then we can find
the equation of the conic by replacing x with x - h and y with y - k. The vertex of the parabola is
now (h, k) and the center of the ellipse and hyperbola is (h, k). The standard forms of the
equation of these conics are summarized in the table below.

Conic Horizontal Vertical

Parabola 2 - _ 2 j

vertex at (h, k) -k = 4p(x-h) (x-h)" = 4p(y - k)
Ellipse (x - h)? (y k)2 (x = h)? (y k)2

centered at (h, k) ) B2 = lLa>b 2 2= 1,b>a
Hyperbola (x - hf (y - k)z - It _»k)z (x - h)z _
centered at (h, k) 2 - o = R

The general equation of a conic section is
Ax2+Cy2+Dx+Ey+F=O

where A and C are not both zero, representing a conic or a degenerate conic. In the
nondegenerate cases, the graph is

1. a parabola if A or C is zero

2. anellipse if A and C have the same sign (or a circle if A = C)

3. ahyperbola if A and C have opposite signs.
The technique of completing the square is used to determine the center or vertex of the conic and
aid in graphing. A degenerate conic is a conic where the graph of the equation turns out to be
just a pair of lines or a single point, or the equation may have no graph at all.

1. Find the center, foci, and vertices of the ellipse, || First cxpress in standard form:
and determine the lengths of the major and minor §f (x- 3) ( y+2)?
axes. Then sketch the graph. 32 4 =1

(x--3)2 (y+2)? Center: (3, -2) (Sincey + 2 = y - (-2))
9 *7 6 = 3, b = 4, so the major axis is vertical.

Vertices: (h, k £ b) which is (3, -6) and (3, 2)

Length of the major axis: 2b = 8

Length of minor axis: 2a = 6

Foci: (h, k£ ¢); To find ¢ we solve:

b? = a? + c?

16 = 9 + &

=5

c=Vs

So foci are at

(3 2-v5)
(3 24V5).

=1
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2. Find the vertex, focus, and directrix of the
parabola. Sketch the graph.

(x+2)? =2y +3

3. Find the center, foci, vertices, and asymptotes of
the hyperbola. Then sketch the graph.
x+9? (-1?
4 9

=1

First express in standard form:
2 3
(x+2)° =2 (y +3 )

3
-0 =2[y-(:3)]
3 3
So h=-2and k=—§. Vertex: (—2,-—'2')
Sincedp = 2,p = 'li
Focus: (h, k +p) which is (-2, -1)

Directrix:

O
y=Kk=P==3=7"
y=-2

First express in standard form:

a9 -1
2 ¥

This hyperbola has a horizontal transverse axis

(that is, it opens horizontally).

Center: (-4, 1)

Vertices: (k £a, k) which is (- 6, 1) and (-2, 1).

To find the foci, we need to solve the following

equation for c.

t=4+9=13 = c=Vn
Foci: (h £ c, k), which is

(-4-‘[6,-1) and (-4+ \rl_;.'l)

Asymptotes:
y-k =% b;(x -h

3
y-1= 230 +4).




4. Determine the type of conic by completing the
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square. Write in standard form.
a) x2+4y2-8x+ 16y + 16 =0

b) x+3y2+4y+7=0

Use Problems 1-3 to find the parts. Here we are
more interested in completing the square.

Since the x*and y2 terms have the same sign, this
is an ellipse. The following steps are used in
completing the square.

1. Group the x terms and y terms and move the
constant to the other side.

(2 - 8x) + (4y% + 16y) = -16

2. Factor out the coefficients of the x* and y2
terms:

(# - 8x) + 4y* + 4y) = -16

3. Complete the square in x and in y.
(P-8x+_) +4(p%+dy+ _)=-16
(P-8x+16) + 4(y2 + 4y + 4) =-16 + 16 + 4(4)
Remember: one half the middle term squared.
-2 +4y +2% =16

Finish by dividing both sides by 16.

=9  (+2)?

=1

16 4 -
2 2
(x424) ' (y+2) =1

Ellipse: horizontal major axis; Center: (4, -2);
Vertices: (h ta,k) = (414,-2)or (0, -2) and
(8’ —2).

Since this equation contains no x2 term, this is a
parabola. The following steps are used in
completing the square in this case.

1. Group the y terms on one side, move the x term
and constant term to the other side.
3y2 +4y = -x-1

2. Factor out the coefficient of the y2 term.
3 y2+%y) =-x-17

3. Complete the square in y.

3(y2+%y+_)=-x-7
2 4 4 _ 4
3y+3y+9)-—x-7+3(9)

NS i
y+3 --x-3

4. Complete by dividing by 3.

N\ _ L/ .10
y+3) =735t

17 2
Vertex: (- 3.-3).



Section 9.5 Rotation of Axes

Key Ideas

A. General equation and rotation of axes formulas.
B. Using the discriminant to identify the conic.

A. The general equation of a conic section is Ax? + Bxy + Cy'2 + Dx +Ey+F=20
To eliminate the xy-term in this equation rotate the axes through the acute angle ¢ that satisfies

cot 2¢ = 4 ;C . This produces a new plane called the XY-plane.

The coordinates (x, y) and (X, ¥) of a point in the xy- and the XY-planes are related by the
following Rotation of Axes Formulas :

x = X cos¢ - Y sing X = x cosp + y sing
y = X sing + Y cos¢ Y = —x sing + y cos¢
1. If the coordinates axes are rotated through Using the Rotation of Axes Formulas with x=-2,

¢= cos“'( g). find the XY-coordinates of the y=3,and ¢ = cos’l( g) Socos ¢ = % and
2

sin ¢ =V 1cos2¢ = \’ -3
4 N_B.oL
X:(-Z)(s) +3(5) =3 +5=5

A 6 12 1
Y=—(—2)(%) +3(‘5') =3 +?=?8.

point with xy-coordinates (-2, 3).

3
s

The XY -coordinates are ( % , !—Sg
2. Determine the equation of the conic Using the Rotation of Axes Formulas with
%+ y2 -4y =4 in XY-coordinates when the ¢ = 60° we obtain
coordinate axis are rotated through ¢ = 60°. ‘E y

x=X cos 60° - Y sin 60° =

y=Xsin60°+ Y cos 60° = 5 +§
o550 (B o (BE ) -

(E Yoy vty Vo v
4 2 4 4 2 4
- 23X +2Y =4

2 2
% _——’sz":, 5—:’— - 23X +2Y =4
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B. In the equation Ax? + Bxy + Cy2 + Dx + Ey + F = 0, the quantity B2 - 4AC is called the
discriminant of the equation.

The graph of the equation is either a conic or a degenerate conic. In the nondegenerate cases,
the graph is

a parabola if B2 -4AC=0 an ellipse if B2 - 44C <0 a hyperbola if B2 - 44C >0

In problem 3 and 4 use the discriminant to determine
whether the graph of the equation is a parabola, an
ellipse, or a hyperbola. Use rotation of axes to
eliminate the xy- term. Sketch the graph of the

equation.

3 A-2y+yt-2x+44y=0 B2-4AC = (-2)2 - 4(1)(1) =0 The graph of this

equation is a parabola.
1-1
cot2¢ = 3 = 0
4 4

Socos2¢=0 = 2¢ =5 = ¢ = 2
Thus cos¢ =72 and sin¢ =i2-;.
Make the substitutions:
x=X cos¢p-Y sin¢=—?X—%Y=l?(X- )
y=Xsing+Y cos¢=iz—3x+iz-2-Y =‘[2-2(X+Y)

2 n) -2 (Rox-1) (Lxen)+

[iz-z(x»f Y)]2 -2(%1(- Y))+4(12@<X +1n)=0

%(x’-zxn Y+ %(xz- )+ %(xznxn 2

)
Yax-n+2V2(X+n=0
%(xz-mw P2+2X2-2Y2+X2+2XY+ Y2)+
Yax-Var+ 2W2x +2V2r=0
%(4x2)+ IW2X+-N2Y=0

2%+ 3W2x-V2v=0
Completing the square. we get

(X +3T\r2)2=%-2-()’ +-9—;§)

1
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M +8xy -y2 +6=0

B2-4AC = (8)% - 4(14)(-1) = 120 The graph of
this equation is a hyperbola.

cot2¢ = M—-é:l)- B

=% 17
Sketch a right triangle with 2¢
cot2¢ = 15 . We see that 15

cos2¢ = 5 Usmg the half-anglc formulas we get

13
ng="\ S =L
\I—
Make the substitutions:
4 1 |
x=Xcos¢ - Ysm¢- 4x-y)
\F' J— «/ﬁ
= Xsing+ Ycos¢= (X+4Y)
’ T

Supstituting:
.J’lFm )" (arn) (s ean)

- [ﬁ()ﬁ»“’)] +6=0

%(16X2—8XY+ rH+ %(4x2+ 15XY-4Y%)
-]-'7-(x2+sxy+16r2)= v

T‘,;(zux2 “N2XY + 147 + 32x% + 120x7 - 2212
- X*-8xY - 167} = -6

%(2551{2 - 34r%) =6

15X - 2v? =6

Y2 sx?

3~ g =1!
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Section 9.6  Polar Coordinates

Key Ideas

A. Relationship between polar and rectangular coordinates.
B. Graphs of polar equations.
C. Symmetry and graphing polar equations with graphing devices.

A.

The polar coordinate system uses distances and directions to specify the location of points in
the plane. Choose a fixed O called the origin (or pole), then draw a ray starting at O, called the
polar axis. This axis coincides with the x-axis in rectangular coordinates. Now let P be any point

in the plane. Let r be the distance from P to the origin, and let 8 be the angle from the polar axis
to the segment OP. The ordered pair (r, 6) uniquely specifies the location of P and r and 6 are
refereed to as the polar coordinates of P. Although the ordered pair (r, 6) specifies a point,
there are infinitely many other ordered pairs that give the same point, (r, 8) = (r, 0 + 2axn), for n
an integer and (r, 6) = (-r, 8 + ©). When we go from rectangular to polar coordinates we lose
unique representation of a point but we gain simplification in expressing the equations for some
graphs. Polar and rectangular coordinates are related by the following formulas.

Polar to Rectangular: x =rcosf y = rsinf

Rectangular to Polar: tanf = % x+0) r2 = x2 + y2

1. Find the rectangular coordinates for the point

whose polar coordinates are given.
a) (3, m4) Apply the formulas:

x =rcosf = 3COS(§)

n
w
—_

y = rsinf = 3sin(4£) =3

b) (-4, Tr/6) Apply the formulas:
x =rcosd = —4cos(16§)= -4( %): -2‘5

y = rsin@ = -4sin(‘2—n)= -4( l5): =2

2. Convert the given rectangular coordinates to

252

polar coordinates with r >0 and 0 <€ 0 < 2.
Apply the formulas:
9 (a43) PR

r= V2 v 2=V @+ @V3)?
=V16+48 = V64 = 8

Since (4, 4\l—3-) is in the 1st quadrant we can find
0 using the tan” function. So

o (3) wur'(52) s ()3
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b) (-5, 12)

Convert the equation to polar form.
&2 + y2 =16

Convert the polar equation to rectangular form.
r = 2sin@ - cos@

Apply the formulas:
r=Ve + yt= \(5) +122
= \1254-144: ‘1169 =13

First note that (-5, 12) is in the 2nd quadrant:
o 5 ° -
6= 180°+tn () = 180°+ tan '(2)
= 180° -67.4° = 112.6°

Note we used degrees in this problem because
112.6°is easier to locate than 1.97 radians.

.

(Recall that in rectangular coordinates this is an
ellipse.)
Use the substitution x =r cos@ and y = rsind

4(r cos@ )2 + (rsind )2 = 16
4r? cos’0 + rsin’6 = 16
Solve for r.
3r? cos’@ + r? (cos’0 + sin%6) = 16
r’cos’d + 1t =16
r’(3cos20 + 1) = 16
2. — 6
3cos?0 + 1
_ 4

’ -\l3cos50 + 1

The goal in these problems is to try to have the
terms r%,r cos@ , and r sin@ in the equation since
these are easily converted to rectangular. In this
problem, we can accomplish this by multiplying
both sides by r.

r* = 2rsin@ - r cos
x2+y2=2y-x
xz+x+y2-2y=0

This is a circle. Completing the square yields the
center and radius.

i

1 1
x2+x+z+y2-2y+l=z+.l=

(Ly

2
(x+l§) +(y-l)2=
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B. The graph of a polar equation r = f(6) consists of all points P that have at least one polar
representation (r, ) whose coordinates satisfy the equation. When graphing a polar equation it is
important to find the intervals where r is positive and the intervals where r is negative. When r is
negative, the point will be on the opposite side of the origin.

Several polar graphs have names. Among these graphs are:

limagon (lima bean shaped and heart shaped): r = a £ bcos@ orr = a b sinf

cardioid (heart shaped, special case limacon): r = a (1 £ cosf) or r = a(l £ sinf)

roses (named because they look like flowers): r = a cosn@ , 2n leaves when n is even, n
leaves when n is odd.

§.  Sketch the curve whose polar equation is given.

a r = -4cosf 4c0s8=0 = cosf=0 = o=’5°,37“
n
0[-2.

The table below shows the value of r for some
convenient values of 6.
] O w6 | /4 | w3 | 72 | 2n/3 | 3n/4 | Sn/6

r] 4 ]-aV3l-aVa] 2] 0 | 2 Jav2]2V3

o] = | 7w6 | 5wa | an3 | 3n2 | 5w3 | 7w/a | 116
rf 4 Javalavaf 2 | O | -2 |ava]aVa

We can see how r changes as 6 sweeps through
the intervals created by these points.

As @ sweeps from :215 to 0, r ranges from 0 to —4.

So r<O0.
As 0 sweeps from 0 to g, r ranges from —4 to 0.
So r<0.

As 0 sweeps fromg to &, r ranges from 0 to 4. So

r>0.

As 8 sweeps from & to 32—1t, r ranges from 4 to 0.

Sor>0.
Since r = —4cos@ = r? = —4r cosf =
x2+y2=-4x

This is the circle x + dx + y2 =0
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b) r=1+ 3siné

r=1+3sin6=0 = sin0=-l§

Since sin™! (—%) = -19.5°, we have r = 0 when
0 = -19.5° or when 68 =199.5°

The table below shows the value of r for some
convenient values of 6.

0| 0 | w4 | ®2 |3n/4| = |Sn/4|3m/2| /A

rl 1 (312) 4 |312) 1 |-LI2| 2 [-112

Thus we have r > 0for-19.5° < 6 < 199.5°
and r < Ofor 199.5° < 0 < 340.5°.

This is called a limacon with an inclusion. The
graph below also shows the angles where r
changes signs.

C. When sketching the graph of a polar equation, it's often helpful to take advantage of symmetry.

about the polar axis.

the pole.

about the vertical line 6 = ’2-5

1. If a polar equation is unchanged when we replace 6 by -0, then the graph is symmetric
2. If the equation is unchanged when we replace r by —r, then the graph is symmetric about

3. If the equation is unchanged when we replace 0 by & - 0, then the graph is symmetric

When graphing complicated polar equations of the form r = f(6) using a graphing calculator or
computer we need to determine the domain for 6. Thus we need to determine n so that

(0 + 2nrw) = £(6).

6. Determine if the graph of the given polar
equation has symmetry.

a) r = -4cosf

Symmetric about the polar axis?

~4¢cos(-0) = —cos@ =r Yes, symmetric about the
polar axis.

Symmetric about the pole?
- = ~(=4cos(0) ) # r. Not symmetric about the
pole.

Symmetric about the vertical line =§?

—4cos(® - @) = —4(cos® cos@ +sink sinf) =
4cosf. Not symmetric about the vertical line.

255




7.
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b) r =1+ 3sinf

Determine the domain and use a graphing device
to sketch.

3-2si Q)
ro=3-2sin{ 7

Symmetric about the polar axis?
1 + 3 sin(-0) = 1 - 3sin@ # r. Not symmetric
about the polar axis.

Symmetric about the pole?
—+= —(1 +3sin@) =-1-3sin6 # r. Not
symmetric about the pole.

. - n
Symmetric about the vertical line 6 =3 ?

I + 3sin(x - @) = 1 + 3(sin® cos@ —cosn sinf) =
1+30+sin)=1+3sin0=r.
Yes, symmetric about the vertical line.

To determine the domain , we must find n so that

in3 0+ 2nn o 36
sin 2 = sin{ 3
. (36+6nmy . (36
sin 2 = sin{

So 6nTn= BLZR' must be a multiple of 2. This first
happens when n = 4. Therefore we use the domain
0 to 8n. Furthermore, since -1 < sinf < 1 we

have 1 €S r<S.

| fa ¥ 1 I I




Section 9.7  Polar Equations of Conics

Key Ideas
A. Polar Equations of Conics.

A. Conics can be describe as a fixed positive number (eccentricity) that is the ratio of the distance
from any point on the conic, P, to a fixed point F (focus) to the distance from P to a fixed line
(directrix). If the focus F is placed at the origin and the directrix is parallel to the y- or x-axis and
d units from the origin then we have the following.

A polar equation of the form
o ed o ed
1 tecosd 1 tesin6
represents a conic with eccentricity e. The conic is
1.  aparabolaif e =1.
2. anellipseife<l.
3. ahyperbola if e > 1.

The denominator 1 + e cos@ is used when the directrix is x = 1d, the negative sign for x = - and
the positive sign when x =d. Similarly, the denominator 1 t e sin@ is used when the directrix is
y = 1d, the negative sign for y = —d and the positive sign when y =d.
1. Write a polar equation of a conics that has its

focus at the origin and satisfies the given

conditions.

@@ Ellipse, eccentricity 0.15, directrix x=-4 e=0.15; d=4. Since the directrix is x = -4 we

use cos 8 and a negative sign in the denominator.

Thus po 0158 06
S T = 1 2(0.15) cos8 ~ 1-0.15 cos 6

(b) Hyperbola, eccentricity 3, directrix y = 4. e=3; d = 4. Since the directrix is y = 4 we use
sin@ and a positive sign in the denominator.

3@ 12
Thus 7= S 5in@ =~ 1+ 3sin0

(c) Parabola, directrix x=5. e = 1 (parabola); d = 5. Since the directrix is
x =5 we use cos@ and a positive sign in the
denominator.

e 5

Thus r=1 +(1)cos® 1+ cosd
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In problem 2 and 3, find the eccentricity, identify
the conic, and determine the directrix. Sketch the

conic.
4 . . N
2. r= 53 sind B’se force a 1 in the denominator by multiplying by
s
4
4 1/5 5
- Jsin 1-5sind
Soe =% and the conic is an ellipse.
4 3.4 4
ed = 5 = 5 d= 5 = d= 3
Since the sign in the denominator is negative and
the trigonometric function is sine, the directrix is
4
e =- '5
s T
(7
/ [ /\\\
\\ N2
\\\»\L/,(
\\\-—— v
~1
3 - —r We f 1 in the d inator by multiplying b
© T=375cos8 l,)’e orce a 1 in the denominator by multiplying by

12

r__.l_.__,m N
2+45cos@ 12 1+ 'g'cosa

Soe= 3 and the conic is a hyperbola.

2
5 2
€d=l = 2d=1 = d=5

Since the sign in the denominator is positive and
the trigonometric function is cosine, the directrix
is

X =

v
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Section 9.8 Parametric Equations

Key Ideas

A. Parametric equations.
B. Using graphing devices to graph parametric curves.

A. In this method, the x- and y-coordinates of points on the curve are given separately as functions of

an additional variable ¢, called the parameter:
x = f(t) y = g(f)

These are called parametric equations for the curve. Substituting a value of ¢ into each
equation determines the coordinates of a point (x, y). As ¢ varies, the point
(x,y) = (f(r), g(t)) varies and traces out the curve. All of the graphing we have done in the
book can be done using parametric equations. Often we can eliminate the parameter by solving
one of the equations for ¢ and substituting this value into the other equation.

1. Find parametric equations for the line passing Sincey =mx+ b, wecanletx =tand y =mt +b.
through (3, 5) and (5, 4). We find m:
_5-4_ 1
Mm=3-5%72

Then using the point-slope equation we have:
y—5=-l§(x -3 = y=-‘lix+% +5

= y=-l§x+%

Thus this line can be expressed by the parametric

. 1 13
equations: x =¢ and y=-5t+ 73

In problems 2 and 3, (a) sketch the curve
represented by the parametric equations, and
(b) find a rectangular coordinate equation for
the curve by eliminating the parameter.

2. x=¢ , y=t-1

! X | Y | Generate points and plot.

21 8| -3 | To eliminate the parameter we
-1 | -1 | =2 solve the 2nd equation for ¢t

0 0| -1]Sot=y +1

1 1 0 | Substituting for r we get

2 8| 1|x=@+1)?

3121 2

FRCIPIPPI /
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- 1 - 1 2
3. x=sint, y=1-2sin% t | x Generate points and plot.

Y
0O 1 | To eliminate the parameter , we
W4 |\[op| O | substitute x for sin and obtain
W2 1| -1 | y=1-24 whichisa

In/4 ‘j_2/2 0 | parabola. Since -1 < sint < 1,
n 0 1 | wehave -1 < x < 1and
Sn/4 _M 0 | -1S y < 1. Thus this gives
3n/2| -1 | -1 | only a portion of the parabola.
/4 _\I— 2”2 0
2t| 0 1

B. Most graphing calculators and computer graphing programs can be used to graph parametric
equations.

In problems 4 and S use a graphing device to
sketch the curve represented by the given
parametric curves
4. x=2cost, y= sin% Since 0 < sin% < 1and x varies wildly, we set
the viewing rectangle at [-10, 10] by [0, 1].

——————

S. x=4cosdt, y = 3cosdt This function has a period of 12x. Remember 12
is the least common multiple of 3 and 4.
Since-1 S cost S 1,4 S x<4and -3 <y
<3
The viewing rectangle is (-4, 4] by [-3, 3].
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Section 10.1 Sequences and Summation Notation

Key Ideas

A. General sequence.

B. Special sequences—Fibonacci sequence.
C. Partial sums and finite series.

D. Sigma notation and finite sums.

E. Finding patterns.

A. A sequence is a set of numbers written in a specific order:
4,8y 03,8y, ...,Q,. ..
The number a, is called the first term, a, is the second term, and in general a, is the nth term. A
sequence can also be defined as a function f whose domain is the set of positive integers. In this

form the values f(1), f(2), f(3), ... are called the terms and f(n) = a_is the nth term. Some
sequences have formulas that give the nth term directly; these sequences are called explicit.
Other sequences have formulas that give you the nth term based on some previous terms; when
this is the case the sequence is called recursive.

1.  Find the first five terms, the 10th term, and the
100th term of the sequence defined by the

following formulas.
_ n-1 _ n-1
3 a8 =5 4 = el
1-1
n=1 al=2(1)+l 0
=2 - 2-1 _!.
h= HhEAD+175
=3 _ 3-1 _Z
h= 4G =a+1 "7
=4 - 4-1 _.3.
h= U= u+179
=5 - 5-1 _.i
n= 4% =29+1 71
10-1 9
n=10 a4y =300 %1 = 2
100- 1 %
n=100 a0 = 5000)+1 = 201
b) an=2"+(-l)" a"=2"+(—l)'l

I g =20 ) = 2-1=1
2 a,=291)P=4+1=5
n=3 a,=2%)P=8-1=7
4 =29 ¥ = 16+1=17
5

n= (14

n= ag = 2% 1) = 32-1=31

n=10 ay = 2% )19 = 1024 + 1= 1025
n =100 aIOO = 2(100)+ (_l)(IOO)= 2!00+ 1

262



n-3"
4, ="
iy -3t 2-3 1
S T
) _22-3* _4-9 5
BES HE L T 6 T
_3 _2®3)-3° _6-21 2
"EOBE g T M T T
4 _24-3* 8-81 B
BETOGE AT T T
_s _xu5-3° 10-243 233
nEIA S S T 04 T oM
_10 _20100-3"  20-59049
nE G T 0 T 1048576
59029
= 71048576
100
pe 100 g = 2003

B. The Fibonacci sequence is a classic example of a recursive sequence. The Fibonacci sequence
is given by: F(n) = F(n - 1) + F(n - 2), where F(1) = F(2) = 1.
That is, the current term is the sum of the two previous terms. (The Fibonacci sequence also has

an explicit formula.)

2. Find the first twelve terms of the Fibonacci
sequence.

F(l)=1

F)=1

FR)=F2)+ F(I)=1+1=2
F4)=F3)+ F2)=2+1=3
F(5)= F4) + F3)=3+2=5$
F6)=F(5)+ F(4)=5+3=8
F(7)= F@6) + F5)=8+5=13
F@®)=F(7) + F6)=13+8=21
F9)=F@8)+ F()=21+13=34
F(10)= F9) + F(8) =34 +21 =55
F(11)= F(10) + F9) =55+ 34 =89
F(12) = F(11) + F(10) =89 + 55 = 144
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3. Find the first ten terms of the recursive sequence §| f(1) =2
defined by
fn) = 3-f(n - 1) - f(n - 2) with f(1) =2and || fP =3
fQ)=3 f®=3f2)-f1)=33-2=17

f4)=3f3)-f2)=37-3=18

f(5) =3-f4) - f3) =318 -7 =47

£(6) = 3-f(5) - f(4) =347-18=123

f(7) = 3-£(6) - £(5) = 3-123 - 47 = 322
f(8) = 3-f(7) - £(6) = 3322 - 123 = 843
f(9) =3-f(8) - £(7) = 3-843 - 322 = 2207
£(10) = 3-£(9) - f(8) = 3-2207 - 843 = 5778

C. For the sequence a, a,, a,, ... the partial sums are

+a4

w

+a.+a,+...+a
4 n

S"=al-t-a2 3

S, is called the first partial sum, S, the second partial sum, and so on. S is called the nth

partial sum. The sequence §,,5.,,S,,S,,...,S ,...is called the sequence of partial sums.

The sequence of partial sums is useful in detecting a pattern to find the sum.

4. Find the first six partial sums of the sequence S = 2 1
given by 17472
2n

% = n+3 52=22+%=%
G.2,4,6_2
3"4v5%67 10
g_2,4,6, 8_2
s“atstet 170
g 2,46, 8 10_6
s=at5tet 7t 8 T 140
s =2,4,60,8,10 12 231
s"4ts5tet1t8 9 T4
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5. Find the first four partial sums and then find a
formula for the nth partial sum of the sequence
given by

Start by finding the first several partial sums until
we find a pattern.

57 (z-3)
G-4)+(-3)
-(3+3)-(3+5)

1 1
a, = 1 " n+3

S, =

At this point a pattern is starting to emerge.

o G- G-9) (- )
LG-Y)
<(3+3)-(+3)

This type of sum is called a telescoping sum
because the middle terms collapse

( )- (i
( ) - (w+ ) = oo

n
D. Sigma notation is a way of expressing the sum of the first n terms of the sequence. Y, a, is read
k=1

as "the sum of a, from k=1to k =n" and 2 a =a +a,+a,+a,+...+a  Theletterkis
=1

called the index of summation or the summatlon variable and the idea is to find the sum as k
takes on the values 1, 2, 3, 4, ..., n. Any letter can be used for the index of summation and the
index need not start at 1.

Sums have the following properties:

Let a,,a,,a,,a,, .. andb, b, b,, b,, .... be sequences. Then for every positive integer n and

any constant ¢,

S-(2h(8) + e-(EH{8)
(cak)-c( 3 )
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6. Find the following sums.

i.i
=|k2

7.  Find the following sums.

7 i3
Y (-1Yj
j=3

8. Write the following sum in sigma notation.
2.3 4.5 6
3tatstet 1

y L_1l, L L1
=2 2 2
=t SN U LA
~q1sL, L1, 1 _205
=ltatot T

7 . :
Y 1 = 1’3 4 )4 15 4
j=3
D% + 1)’
= 27 +64-125+216-343 =-215

We find the sequence associated with the terms:
23436
3'4°5° 6’17
Both the numerator and denominator are
arithmetic sequences.
The numerator is the sequence k + 1 while the
denominator is the sequence k + 2.

S kel
i k+2

E. Finding the pattern in a sequence of numbers is a very important concept in mathematics as well
as computer science, the physical sciences, and social sciences. A finite number of terms do not
uniquely determine a sequence, however, in the next problems we are interested in finding an
obvious sequence whose first few terms agree with the given ones.

9. Find the formula for the ath term of the sequence
whose first terms are given below.

a) 333 3 3

266

Some facts appear after observing the sequence.
(1) The denominator is 3.

(2) The numerators are all powers of 2, so we
determine the exponent and correlate it to the
number of the term (n).

Term
number (n): 1 2 3 4 5

numerator: 2 8 K1) 128 512
exponent: | 3 5 7 9

Thus the formula for the exponents of the
numerator is 2n - 1. Putting it all together we get:

2

an 3



winN

YIS
Yo

2 |oo

4

Some facts appear after observing the sequence.

(1) The numerators are all multiples of 2, and
after some trial and error we find the formula for
the numerator is 2n.

(2) The denominator is 3 to some power. Again
after some trail and error the formula for the

denominator is given by 3"

a =
n

n
3'!



Section 10.2 Arithmetic Sequences '

Key Ideas

A. Arithmetic Sequences.
B. Partial Sums of an Arithmetic Sequence.

A. An arithmetic sequence is a sequence of the form a,a +d, a + 2d,a + 3d, . .. The number a is
the first term and the number d is called the common difference. Any two consecutive terms of
an arithmetic sequence differ by d. The nth term of the arithmetic sequence is given by the
formula: a=a+ (n-1d.

1. Write the first five terms of a sequence where 9 a=a+(n-1)d
is the first number and 5 is the common =9
difference. “=
a2=9+(2- D5=9+5=14

a3=9+(3-l)5=9+10=l9
a4=9+(4—l)5=9+15=24
a5=9+(5-l)5=9+20=29

2. Given the first 4 terms of a sequence are 6, 13, a is the first term, so a =6
20, 27. Finda and d d is the difference between any two terms, so
using the first and second term we have
d=13-6=17
a, = 64+(n-1)7

3. The Sth term of an arithmetic sequence is 34 and || Here we substitute for n in the formula
the 8th term is 43. Find a and d and the formula || a.=a +(n-1)d
for the nth term. we get:

M=a=a+(- 1)d

43=a8= a+(8-1)d

Solve the system

34=a+4d

3 =qa+7d Subtract
9=3d d=3

Substitute for 4 and solve for a.

Soa=34-4d=34-4(3)=22

Thusa = 22,d = 3, and a”=22+(n-l)3.

268



B. The nth partial sum of the arithmetic sequence a, =a + (k - 1)d is *
n

s.

60

4. Find the sum of the first 40 positive multiples

k=1

. .. n a+a
This sum is given by S = 5[2‘1 +(n-1)d}= n(—-—“)

of 3.

Find the sum, S, of the arithmetic sequence for
whicha =-2,d=8,and n=5.

Find the sum, S,,, of the arithmetic sequence for | a+a
| This time use the formula § = n(———“) with
n = 10 to find the sum.

which a = 0.31 and ay = 8.35.

S, = 2[a+(k-l)d]=a+(a+d)+(a+2d)+...+(a+(n-l)d).

2

This is the sequence 3, 6,9, 12, . ..
wherea =3 andd = 3.

Soao=3+(40-1)3=120

3 +2120) = 2460

Using S = ’—2’[24 +(n -1)d]

5 5
SS=’2‘[2(-2)+(5- g = 3 (4+32)

2

8.66

| 031 +8.35 .66 _
s,o=|o( > ) = 10- =5~ = 433
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Section 10.3 Geometric Sequences

Key Ideas

A. Geometric Sequences.
B. Partial Sums of an Geometric Sequence.
C. The sum of an infinite Geometric Series.

A. A geometric sequence is a sequence of the form a, ar, ar?,ar, ar*, . ..
The number a is the first term and r is the common ratio. The ratio of any two consecutive

terms is r. The nth term of the sequence is given by the formula: a, = a1

1. Write the first five terms of a sequence where 9 || g = o~}
is the first number and 4 is the common ratio. " -1
al=9-4 =9
a,=9-4129.4=136
a,=9-4"1=9.16=144
a,=9-4"'=9.64=57
ag=9-4°"'=9.256 =2304

5. The 3rd term of a geometric sequence is 6 and Substitute the value for a_ and n into

the 5th term is 2473 Find the first term and the a = a’-! and solve.

common ratio. 6= a,= a3l = ar?
2—‘2@ =ag= ar’" =ar‘
Divide ag bya, and solve for r.
% 4
2 _4_a 2
6 a ar’
2 81 9

I'="z' SOV-‘-'Z'

Substitute for r and solve for a.

0\2
6=03=a('2')

6

Njoo &=

a

£~
"



=arkis

n
Sn=2:alj‘=a+ar+ar2-!-at3-l~...+ar"‘1 (r#1).
k=0

B. The nth partial sum of the geometric sequence a,

This sum is givenby S =a 11-_r:) .

3. Find the partial sum of the first 20 terms of the
geometric sequence for which a=5.6 and r=2. || Using the formula .S"l =a (

]1::’) and substituting

the values n=20,a = 5.6 and r = 2, we get

S, = (5.6) 1-27) 5.6 - 1048575 =
= 1-2 ) =7 -
5872020
. 15 ¢ To use the formula we first express the sum with
4. Find the sumof ), (0.3)*. the index starting at 0.

k=6 15 15 5
Y 03 = Y 03 - Y 03)F
k=6 k=0 k=0

a is found when k =0,s0 a= (0.3)O =1

15 15
b _ o 1=00.3) ") _0.999999985
2 0 = '( 1-03 )= o7
= 14.2857
5 s
v (1=03%) 099757
2,0 = ‘(1-(0.3) =07
= 14251
15
Y (0.3 = 142857 - 1.4251 = 12.8606
k=6

C. A sum of the forma + ar + ar2 + ar3 +...+ ar"'l + ... is an infinite series. From above, the

l-':) r#1. Ifld < 1, then /" gets close to 0 as n

nth partial sum of such a series is S, = a [

gets large, so S, gets close to 1_2-_r . That is the if Id < 1, then the sum of the infinite series

|=.

atar+ar +ar +...+arl+. . .=

—t
|
~

27
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5. Find the sum of the infinite geometric series

4 4 4 4

§+§+E+'8'T+...

6. Find the sum of the infinite geometric series
27+18+12+8+ ..

7. Find the sum of the infinite geometric series
3 Q 12 24

N A

We need to find a and r and then substitute these
values into the formula. a is the first term, so

a= § r is the common ratio, found by dividing

w'u—-

Find a and r and then substitute these values into
the formula. a is the first term, so a = 27.
r is the common ratio, found by dividing two

tive terms. So r = o = %
consecutive terms. >0 r = 27 = 3

a 2]

Find a and r and then substitute these values into
the formula.

3 __3 (‘E-2)
Vse2 (Vs542) (V3-2)

3(\1— 2) =35 -6



8. Express the repeating decimal 0.090909... as a
fraction,

9. Express the repeating decimal 0.345454545...
as a fraction.

0.09090909... = 0.09 + 0.0009 + 0.000009 + ...
9 9 1 9 1

=100 * 100 100 * 100 * 100° *

S
a_ _ 10 9 1
1-r‘l 1. -9 1
7100

0.345454545... = 0.3 + 0.045 + 0.00045 + 0.000045 ...
The geometric series involved is
0.045 + 0.00045 + 0.000045 ...

_ 45 45 45
=1000 * 100000 * 10000000 "

45 45 1 45 1
=1000 * 1000 " 100 * 1000 1002 ™

45 1
Soa = Too0 27 = oo
45
a__ _1000 _ 45 1
l-r‘I 1 7990 T 22
~100
0345454545, = - 4+ & = =8 _ 19

10*r22°110 %55
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Section 10.4 Annuities and Installment Buying

Key Ideas

A. Annuities - future value
B. Present Value of annuity and installment payments.

A. An annuity is a sum of money that is paid into an account (or fund) in regular equal intervals.
The amount of an annuity, A x is the sum of all the individual payments from the beginning until

the last payment is made including interest. This is a partial sum of a geometric sequence and

1+i)' -1
results in the formula A = R (——%)—', where R is the amount of each regular payment, i is

the interest per compounding period, and n is the number of payments. Since the value of the
money is paid in the future, this is called future value.

1. New parents put away $25 a month into a saving
account paying 8% compounded monthly. How
much will accumulate in this account in 16

1+i)"-1
ApplyA/=R ;

with R = $25; n = 16 : 12 = 192 payments;

years? 0.08
i= o= 0.00667
(1.00667)'% - 1
A/ =(25) o067 - $9680.99

2, A small company decides to save money to

purchase a copying machine that costs $9,500.

How much do they need to deposit in an account
that pays 6% compounded monthly if they need

to save this money over a 9 month period?

Substitute the values Af =9500, n=9, and

1+:)' -1
i=9ﬁ=0.005intoA =R : and
12 ! i
solve for R.
gl.oosf- 1
9500 =R 0005
9500 = R 0045910579 = 9.182115828 R

0.005
R = $1034.62 rounding up to the next cent.



B. The present value, PV, is today's value of an amount to be paid in n compounded periods in the
future. PV = A (1 + i)™, where A is the amount to be paid in the future, i is the interest per
compounding period, and n is the number of compounding periods. The present value Ap of an

annuity consisting of n regular equal payments of size R with interest rate i per compounding

-n
period is given by A =R u]—'ﬂ— This formula can be solved for R to obtain the amount of
i Ap
1-(1+ )"'

algebraically solve the formula for i, it is possible to use a graphing device to find i.

a regular payment on an installment loan: R = Although it is not possible to

3. Suppose you plan to purchase a compact disc

Substitute the values Ap =300, n = 10, and
player from a department store for $300. If you |

put the $300 on a charge card at 19.8% interest 0,198 iA P
compounded monthly and pay it off in 10 equal || =" = 0.0165 into R= L-(1+i)™" and
payments, how much will each payment be?
calculate R
0.0165 - 300 495

| R= = $32.79

1-(1.0165)™ = 0.150963872
again rounded up to the next cent.

4. Suppose you wish to purchase a car and you have _ 4.17=
$125.00 a month that you can spend on payments | Substntutg ﬁ': values R=125,n=4-12=48,

for the next 4 years. If the current interest rate onj{ and i = T = 0.0095 into
used cars is 11.4%, how much can the car cost? |

| 1-(1+i)"
| 4 =R .
| p ’

I -(1.0095)

A, = 125 —40095

A " $4800.26 (round down to the next cent)
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Section 10.5 Mathematical Induction

Key Ideas
A. Principle of mathematical induction.

A. Mathematical induction is a type of proof used to show that a statement that depends only on n
is true for all natural numbers n. Let P(n) be a statement that depends on n. The principle of
mathematical induction is based on showing that the following two conditions are true.

L P(1) is true.

II. For every natural number £, if P(k) is true, then P(k + 1) is true.
Then P(n) is true for all natural numbers n.
Proof by mathematical induction involves the following steps.

1. Basis of induction: Prove that the statement, P(n), is true for some initial value; usually
this value is 1.

2. Induction hypothesis: Assume that the statement P(k) is true.

3. The inductive step: Prove that the statement P(k) is true implies that P(k + 1) is true.

4. Conclusion: Since the two conditions have been shown true, by the principle of
mathematical induction, the statement is true for all natural numbers.

1. Prove that n° - n + 3 is divisible by 3 for all Basis of induction : n = |
natural numbers n (1)* - 1 + 3 = 3 which is divisible by 3.

Induction hypothesis : Assume that the statement
is true for some k 2 1, that is, assume that
I - k + 3 is divisible by 3.
Inductive step.
Consider: (k+1)>-(k +1)+3
= (k> +38+3%k +1)-k-14+3
= k-k+3)+Bk2+3k +3)
= k3-k+3)+3k 4k +1)
I - k + 3 is divisible by 3 (by the induction
hypotheses). And 3(k?+ k + 1) is divisible by 3,
since it is the product of 3 and an integer.
Hence the sum, (K- k +3) + 3(k2+ k + 1), is
divisible by 3.
Conclusion. Since the formula is true for n =1,
and k* - k + 3 is divisible by 3 implies
(k+1)3 = (k+1) + 3is divisible by 3, by the

principle of mathematical induction, the statement
is true for all natural numbers n.
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2. Lleta,=a _,+2a, , -6witha =4 and
a, = 5. Find the first 5 terms of the sequence and |
prove that au=2"'l +3.

a1=4; a2=5;

a,=a,42a -6=5+24)-6=1

3

| a,=a,+22,-6=7+25)-6=11
a,=a,+2a,-6=11+27T)-6=19

Basis of induction :

Show that the statement is true for n=1and n=2.
| Note both these cases are needed because a, is

basedonthe termsa__ anda  _, .
a=2"143=2"43=143 =4
a,=227143=2"43=243 =5

Induction hypothesis :

| Assume that a,= 2?14+ 3is true for j < k, where
1 k> 2.

Note: We had to start at k > 2 because a, is not

! givenbythefomulaaj= a_,+ 2, _,-6.

| Alsonote: since the termsa_ _, am{ a,_,are both
used in the definition of a. we need an induction
hypotheses that includes £oth terms.

Here we assume: -
| a,=a,_,+2a,_,-6=2"""43.

Inductive step.
We need to show:

o, =2""""43 =2k 43

By definition, a, =4, +2a, , -6

+1

Using the induction hypothesis to substitute for a,
| anda, _, we obtain

o, =t e 202436

=2k-1y342k- 1466
=2tk 3 2 o2k, 3

| =2k43

So the statement is for k + 1.

{ Conclusion.

| By the principle of mathematical induction,
{6,=0, ,+2,_, -6= 2""'+3 whena,=
4 and a,= S, is true for all natural numbers n

21



Section 10.6 The Binomial Theorem

Key

Ideas

A. Pascal's triangle.
B. Binomial coefficients.

A.

2. Use Pascal's triangle above to expand

278

An expression of the form a + b is called a binomial. When (a + b)" is expanded, the following
pattern emerges:
1. There are n + 1 terms, the first being a”b" and the last a
2. The exponents of a decrease by 1 from term to term while the exponents of b increase by
1

3. The sum of the exponents of a and b in each term is n.
Pascal's triangle is the following triangular array. It gives the coefficients of the terms of a
binomial expansion.

nbO Ob".

(a + b)0 1

(a+b)! 1 1

(a + b)? 1 2 1

(a +b) 1 3 3 1

(a + b)* 1 4 6 4 1

(a +b)’ 1 5§ 10 10 5 1

(a + b)® 1 6 15 20 15 6 1

Every entry (other than a 1) is the sum of the two entries diagonally above it.

1. Use Pascal's triangle above to expand (3 + 21)° (a+b) =

& +5a%h +10a°% + 1002 + Sa'b* + ¥

| 3+20)° = 3)%+50) ) +103°2)* +
103)22x)* + 53)'@x)* + 22°

= 243 + 90x + 1080x2 + 720x3 + 80x* + 32X

(a+ b)3= @ +3a% +3a'p2 + b
Gx - Sy).
(Gx - 5)°

= (32} +300) 25" +3060) ' 5y)? + 5y)

=27x> - 135x%y + 225xy% - 125y°




B. The product of the first n natural numbers is denoted by n! and is called n factorial. So
n! =1-2-3....(n-1)n and we define 0/ = 1. For 0 < r < n, the Binomial Coefficient is

!
denoted by )= = . Two important relations between binomial coefficients state that
r r'(n-nr)!

(;’) = (n': r)’ and for any nonnegative integers r and k with r <k,

(<) + ()= (7))

Now, Pascal's triangle can also be written az g)
G ()
@ &) G
0 O 6 6

@ @O @ 6 @

) () G G Q6
s oD D), 0 @ 6
() + (D181 + (526244 (" Jater ="+ (1)
The term that contains a in the expansion of (a + b)" is ('r‘)a' T
0000 |900-0:0

©+ @G-+ 6

=(1+D)*=24=16
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Evaluate

(©)-()+G)-6)-@

Find the first three terms in the expansion of
@- %,

Find the last three terms in the expansion of
a+yt.

Find the term containing x% in the expansion of
2 -3)5

- ()6)-6) ()

is the expansion of (1 - )4 so

()-()G)-6) ()

=(1-1D*=0

O+ Q) ()5

= 262144 - 589824 x + 589824 ¢

11 1 1
(9) XN (10 70 4 (11)703’"

= 2695y +77y10 + y"

- . [n -
The term containing a” is (r)d B

So the term containing Bis (185)(2::)8 3B-8

=6435 - 28.x8. 37 = 36027763208



Chapter 11
Counting and Probability
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Section 11.1 Counting Principles

Key Ideas

A. Tree Diagrams.
B. Fundamental counting principle.
C. Counting with cards and dice.

A. A tree diagram is a systematic method of determining and listing all the possibilities of a
counting or probability problem. At each vertex, all possible choices are drawn as edges and
labeled. To create a list of possible outcomes to a counting problem, start at an end vertex and
trace your way back to the initial vertex.

1. A family is planning on having three children, Here we use a tree diagram to help use count. Let
list all possible orders of birth. B represent a boy and G represent a girl.
G GGG

6=
_— T35 Gas
~_,__—G 686

ge—"C 866

7 o5 s
\B/a 866

T~ 888

So the 8 possible child births are:
GGG, GGB, GBG, GBB, BBG, BBB, BGG, BGB

2. A pet food manufacturer test two types of dog Although this count can be made with other
food to see which food is preferred by a dog. A methods still to come, using a tree diagram is the
dog is observed at most five times or until it ecasiest. Let A and B represent the two types of

chooses the same food three times. How many dog food. Draw the tree.
different outcomes are possible? Draw a tree

diagram to count this question. A A A
A = 8 = 8 = 5
/

Solution: There are 20 possible outcomes.
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B. The fundamental counting principle states that if two events occur in order and if the first
event can occur in m ways and the second in n ways (after the first event has occurred), then the

two events can occur in order in m X n ways. When the events E,, E,, ... , E, occur in order and
El can occur in n, ways, E2 in n, ways, and so on, then the events can occur in order in
RyX Ry X XN, Ways.

3. For security purposes, a company classifies each || Using the fundamental counting principle there
employee according to five hair colors, foureye || are: 3:-4-6-5-2 = 1200 classifications.
colors, six weight categories, five height
categories, and two sex categories. How many
classifications are possible?

4. The Uniform Pricing Code (the bar code on a Using the fundamental counting principle there are
package used to price the item) consists of a 10 | ten choices for each of the ten digits. As a result
digit number. How many different bar codes are || there are:
possible? 10-10-10-10-10-10-10-10-10-10 =

10" Uniform Pricing Codes

S. A car manufacturer makes its lowest priced car Using the fundamental principle of counting, there
in 5 exterior colors, 4 interior colors, a choice of || are:
manual or automatic transmission, and 3 levels 5-4-2-3 = 120 basic models available.
of options. How many basic models are
available?
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C. Many counting questions involve a standard deck of cards. A standard deck of cards consists of
52 cards broken up into 4 suits of 13 cards each. The suits diamonds and hearts are red, while
the suits clubs and spades are black. There are 13 kinds in a deck, Ace, 2, 3, . . . 10, Jack,
Queen, King. For example, the cards 3 of diamonds, 3 of hearts, 3 of clubs and 3 of spades form a
kind. Other common counting questions involve a die (or dice-plural) which is a six-sided cube
with the numbers 1 through 6 painted on the faces. When a pair of dice is rolled there are 36
possible outcomes that can occur. Also, a common “experiment" is to look at the sum of the
faces. The table below shows the 36 possible outcomes along with the corresponding sum of the
faces.

Die 1
1 2 3 4 5 6
1 | (LD [(1,2)}(1,3)| (1,4)| (1,5) | (1,6)
2 3 4 5 6 7
2 1(2,1)](2,2)](2,3)](2,4)| (2,5)] (2,6)
3 4 5 6 7 8
3 13.1D(G2)]@3B3)[3B4|[35)]@3,6)
Die 2 4 5 6 7 8 9
4 |(4,1)|(4.2)|4,3)]4.4)]|4,5)]4,6)
5 6 7 8 9 10
5 1(5,1)](5.2)(53)](54)](55)](5,6)
6 7 8 9 10 11
6 |(6,1)](6,2)](6,3)|(6,4)((6,5)](6,6)
7 8 9 10 | 11 12




Section 11.2 Permutations and Combinations

A. Factorial notation.

B. Permutations.

C. Distinguishable Permutations.

D. Combinations.

E. Difference between permutations and combinations.

A. The product of the first n natural numbers is denoted by n! and is called n factorial.
nl=1-2-3-4...(n-1)-n, and 0! = 1. The term n factorial can also be expressed in a
recursive form as n!=n - (n - 1)! forn 2 1. For example 6! =6 - (5!)

1. A woman sits down to make four sales calls, in She has 4 choices for the first call, 3 choices for
how many ways can she make her calls? the second call, 2 choices for the third call and 1
choices for the last call.

So there are 4 - 3 - 2 - 1 = 4! ways for her to make
her calls.

B. A permutation of a set of distinct objects is an ordering or arrangement of these objects. The
number of ways n objects can be arranged is n!. When only r of the n objects of the set are
arranged then the number of permutations of n objects taken r at a time is denoted by P(n, r)
and is given by the formula

n!
Pin,r) =n-n-1)n-2)*m-r+1) = @-n

Permutations are used when (1) order is important and (2) repetitions are not allowed.

2. A club of 20 people gather for a group photo
standing in a row. In how many ways can the
photo be taken?

Here we are after an arrangement of all 20
| members of the group. So there are P(20, 20) = 20!
§ ways to arrange the group.

| 20! = 2.432902008 x 10'®

3. A volleyball team has nine members and six P(9. 6) = 9 9
members are on the court at any one time. In | ©.6) = 9-6) 3
how many ways can the six be selected and 9.8.7-6-5-4-31
arranged on the court? = 3 ‘= 60480
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A new car dealership has ten different new cars
and five pedestals to display cars in the front
showroom. In how many ways can the
dealership display the cars?

010!
(10-35) sl
10.9.8.7-6-5!
= 5!

P(10,5) =

= 30240

C. When considering a set of objects, some of which are of the same kind, then two permutations are
distinguishable if one cannot be obtained from the other by interchanging the positions of
elements of the same kind. If a set of n objects consists of k different kinds of objects with n,

objects of the first kind, n, objects of the second kind, n, objects of the third kind, and so on,
where n, +ny +ny +---+n, =n, then the number of distinguishable permutations of these

objects is

n!

ntnV...n1
n‘.nz.ns. nk.

nl+n2+n3+~--+nk=n.

s‘
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An instructor makes three versions of an exam for |
| this is a distinguishable permutation. The number
| of ways is then:

her chemistry class with 30 students. If she
makes 10 copies of each version, in how many
ways can she distribute the exams in her class?

How many ways can the letters of the word
"MOTORSPORTS" be arranged?

An ice chest contains six cokes, four orange
sodas , eight fruit flavored waters. In how many
ways can these be distributed to 18 people at a
picnic?

3222
| letters.

. The numbers n,, n,, n, ..., n, are called a partition of n when

Since all 30 exams are distributed to the class,

|
0T 10! 10! f?,', 701 = 5-550996791 x 10°

Since MOTORSPORTS has 11 letters, 1 m, 3 o's,

| 21,2 7’s, 25's,and | p, there are

!
1 = 831,600 ways to arrange these

Since we distribute all 18 items in the ice chest
I this is a distinguishable permutation. So there are

18!
6!4!8!

= 9,189,180 ways to distribute the soft

{ drinks.



D. A combination of r elements of a set is any subset of r elements from the set without regard to
order. If the set has n elements then the number of combinations of n elements taken r at a
time is denoted by C(n, r) and is given by the formula

Cn,r)=

_nt
rrn-r!"

*

Combinations are used when (1) order is not important and (2) there are no repetitions. A set
with n elements has 2" subsets.

10.

A drawer contains 28 pairs of socks. In how
many ways can a person select ten pairs of socks
to pack for a vacation?

Twelve cars are stopped at a fruit inspection
checkpoint operated by the state of California. In
how many ways can the inspectors choose three
of the twelve cars to inspect?

A group of 12 friends are at a party.
a) In how many ways can 3 people be selected
to go out and get more soft drinks?

b) If there are 6 females and 6 males at the
party, in how many ways can 2 males and
one female be selected to get the soft
drinks?

Order is not important and there are no repeats. So
there are:
28! 28!

ways to selected the pairs of socks.

C(28,10) =

Order is not important because the inspectors want

a group of cars to inspect.

No repeats since you will not inspect a car twice.
12! _ 12

31(12-3)t ~ 319!

= 220 ways to select the cars to inspect.

So there are C(12,3) =

Since a group is selected, order is not important,
and obviously there are no repeats. As a result
there are

12! 12!
¢12.3) = 323y = 3o
ways to select the three people.

= 220

This is still a combination. Since the males can
only be selected from the six males and the
female can only be selected from the six females,
there are

6! 6!
C@6,2) - C@6,1) = 2411181 = 15-6 = 90
ways to select the three people.
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11.  Pauline’s Pizza Palace has 14 different kinds of }| Since the toppings must be different and order is

toppings. Pauline's Special Combination is a not important, this is a combination problem.
large pizza with any three different toppings. The number of Pauline's Special Combinations is
How many Pauline's Special Combinations are 14!

possible? €(4,3) = 37 = 364

12. A hamburger chain advertises that they can make }| Since changing a topping will change the type of
a hamburger in 256 ways. How many different hamburger, a subset of toppings will represent a
toppings do they need to meet this claim? different hamburger. So we need to solve the

equation 2" = 256.
Thus n = log2256 = 8.

The hamburger chain needs 8 toppings.

E. Both permutations and combinations use a set of n distinct objects where r objects are selected at
random without repetitions (or replacements). The key difference between permutations and
combinations is order. When order is important, permutations are used and when order is not
important, combinations are used. Other key words that help to distinguish combinations are:
group, sets, subsets, etc. Key words that distinguish permutations are: arrange, order,
arrangements, etc.

13. Fifteen people are selected for a study of diet This is a combination problem because (1) there
pills. Eight will be given a new diet pill and are no repeats, and (2) you are interested in a
seven will be given a placebo. In how many group only.

i 7 ]
ways can the eight be selected? So there are C(15, 8) = SL,S:,'; = 6435 ways to
select the test group.

14.  Five couples line up outside a movie theater. In || First treat each couple as one item and arrange the
how many ways can they line up? couples; there are P(5,5) = 5! ways to do this.
Then arrange the two people in each couple; there
P(2,2) = 2! ways to arrange each couple.
So there are 5! (2!)5 ways to arrange the couples
in line at the movie theater.
51(21)° =512 = 3840
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15. A college theater group plans on doing 5 different |

16.

shows during the year- Cats, The Tempest, Annie, }
Streetcar Named Desire and Guys and Dolls. If
Cats can only be scheduled last, and Annie must
be either first or second, how many different
schedules are possible?

A newly formed Ad Hoc Committee on Student
Retention plans to study ten new students during
the Fall semester in order to identify ways to
improve student retention. Suppose next fall's

incoming class contains 112 new female and 108 |

new male students.

a) In how many different ways can 10 new
students be chosen at random (with no
regard to sex) for this study?

b) How many possible studies in part (a) have §

females and 5 males ?

| So there are (220, 10) =
| the study group.

There are five slots to fill; Cats must be placed in
the last slot, while Annie can be placed in either
the first or second slot. So there are 2 ways to
place Annie and 1 way to place Cats (in the last
slot) and there are 3 remaining slots to fill. Since
there are 3! ways to fill these remaining slots,
there is a total of 2 - 3! ways to schedule the
shows.

| Since there are 220 new students expected, we

pick the 10 students from this group.
!

220! _
1012101 Ways to pick

1 The five female students can only be picked from

the 112 female students and the five male students

| can only be picked from the 108 students.

So there
C(112,5) - C(108, 5) =
to form the study group.

112! 108!
51107! © Sr1031 Vays
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17. A flush is five cards from the same suit. How Here we first pick the suit and then 5 cards from
many different flushes are possible? that suit.
The are C(4, 1) ways to pick the suit and there are
C(13, 5) ways to pick the 5 cards from the suit.
So there are C(4, 1) - C(13, 5) = 5148 flushes.



Section 11.3 Probability

Key Ideas

A. Sample spaces and probability.

B. Complements.

C. Mutually exclusive events and unions of events.
D. Probability of the union of two sets.

E. Independent events. '

A. An experiment is a process that has a finite set of definite outcomes. The set of all possible
outcomes of an experiment is called the sample space. An event is any subset of the sample
space. When each individual outcome has an equal chance of occurring, then the probability that
event E occurs, written as P(E), is

P(E) = n(E) _ number of elements in event £
n(S)  number of elements in sample space S
As aresult, 0 < P(E) < 1. The closer P(E) is to one the more likely the event E is to happen,
whereas the closer to zero the less likely. If P(E) = 1, then E is called the certain event, that
means E is the only event that can happen. When P(E) = 0 the event is called an impossible
event.

1. Let S be the experiment where a pair of dice are
rolled and the sum of the faces recorded.

a) Find the probability that the sum of the Using the table on page 284 of this study guide,
numbers showing is 3. we see that the sum is 3 in only two of the 36
squares. Thus,

P(sumis 3) = % = %

b) Find the probability that the sum of the Again looking at the table on page 284, there are
faces is odd. 18 squares where the sum is odd. Thus,

P(sum is odd) = 1-3% =05

¢) Find the probability that the sum of the The sum is greater than 9 is the same as the sum
faces is greater than 9. is 10 or the sum is 11 or the sum is 12. Looking at
the table, there are 3 squares where the sum is 10,
2 squares where the sum is 11, and 1 square where
the sum is 12, for a total of 6 squares. Thus,

P(sum is greater than 9) = % = 0.167
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2. A box of 100 ping pong balls contains SO yellow || Since there are 100 balls, the sample space, S,
balls and 50 white balls. If 5 balls are selected consists of all ways to select 5 balls without regard
at random, what is the probability that to color. So n(S) = C(100,5) = 75287520.
a) all 5 balls are yellow? Since the yellow balls can only be selected from
the 50 yellow balls, there are C(50, 5) = 2118760
ways to select this group. Thus,
C(50, 5) 2118760
PG yellow balls) = 710075y = 75287520 =
0.02814 '

b) 3 balls are yellow and 2 balls are white? Pick the 3 yellow balls from the 50 yellow balls

and pick the 2 white balls from the 50 white balls.:
C(50,3) - C(50,2) = 19600 - 1225 = 24010000.
So the probability is
P(3 yellow, 2 white) = C(sg,(sl)oocs()s 0.2)

_ 24010000

= 75287520

= 0.3189

B. The complement of an event E is the set of outcomes of the sample space S that are not in E,
and is denoted as E’. The probability that E does not occur is P(E’) = 1 - P(E). Sometimes it is
easier to find P(E’) than to find P(E).

3. A box of 100 calculators contains 3 defective The complement of at least one defective is o
calculators. Suppose five calculators are defective which is easier to count.
selected. What is the probability that at least There are 97 non-defectives, choose 5. The
one calculator is defective? number of ways of choosing S non-defective is
C(97,5). Thus,
. €(915) _
P(all non-defective) = C(100.5) = 0.8738

P(at least 1 defective) = 1 - P(all non-defective)
= 1- 0.8738 = 0.1262

4. Five friends compare birth months. What is the || Here we assume that each month is equally likely
probability that at least two will be born in the to occur. Since we seek at least two this means
same month? that two could have the same birth month, three

could have the same birth month, two pairs could
have the same birth month, etc. The complement,
no two have the same birth month, is much easier to

count. Thus,
P(different birth months)
number of ways to assign
S different birth months )
"~ number of ways to assign
( birth months )

_12-11-10-9-8 5%
T12-12-12-12-127 14
So the probability that at least two will have the
same birth month is
1 55 .2)

—m = m = (.618
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C. When two events have no outcomes in common they are said to be mutually exclusive. The
probability of the union of two mutually exclusive events E and F in a sample space S is

given by P(EU F) = P(E) + P(F).

5. A box contains 6 red building block and 4 blue
building blocks. An infant selects 5 blocks from
the box. Are the events
E: the infant selects 3 red & 3 blue blocks
F: the infant selects all red blocks
mutually exclusive?

Since blue building blocks are not red, an outcome

cannot satisfy both events, so E (N F = @ and the
| events are mutually exclusive.

6. A five card hand is drawn. Consider the Note: In this problem, events are mutually

following events: exclusive if there are no hands that belong to both
E: all 5 cards are red; events. To show that two events are not mutually
F: full house; exclusive we must show that there are hands that
G: two pairs belong to both events.

H: all 5 cards are faces cards.

Which of these events are mutually exclusive? Eand F : These events are mutually exclusive

because a full house means that there are 3 cards
of one kind, at least 1 of these 3 cards cannot be
red. So a full house has to have at least one black
card.

Eand G : These events are not mutually

exclusive. There are many hands where you have
| 2 pairs and a fifth card that are all red.

Eand H : These events are not mutually

exclusive. There are three face cards per suit, so
| there are six red face cards. Thus there are hands
| that have 5 red face cards.

F and G : By definition, two pairs means that the

| fifth card is from a different kind than the pairs.
As a result these events are mutually exclusive.

Fand H : These events are not mutually

exclusive. There are many full houses which
involve only face cards.

Gand H : These events are not mutually

| exclusive. Since there are three kinds of face
| cards, each pair and the fifth card can come from
i a different kind of face card.

D. When two events are not mutually exclusive, the probability of E or F is
P(E L F)=PE) + P(F)-P(ENF)
Remember, when the word or is used, you are looking for the union of the events.
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7. A five card hand is drawn at random. Find the
probability that all red cards are drawn or a full
house is drawn.

8. A five card hand is drawn at random. Find the
probability that a full house is drawn or all five
cards are face cards.
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| AP = T2, 5)
| (E UF) = PE)+P(P)

| AF) = C52.5)

| iF V) =

The sample space is all 5 card hands. The number
of elements in the sample space is C(52, 5).
Let E = all § cards are red.
Let F = full house.
Using the events from Problem 6 above, we saw
that these events are mutually exclusive.
Since there are 26 red cards from which S red

. _€Q6,35)
cards is drawn, P(E) = C(52,5)"

3744

(see Problem 6, page 288)

_C@6,5)  _314
=ci52,5 Y c52,5)

| The sample space is all 5 card hands. The number

of elements in the sample space is C(52, 5).
Let F = full house.

| Let H = all five cards are face cards.

From Problem 6 above, we saw that these events

| are not mutually exclusive.

3744

(see Problem 6, page 288)

Each suit has 3 face cards and there are 4 suits, so
there are 12 face cards. We choose §5; so
C(12,5) 792

| n(H)=C(12, 5) and P(H) =055 5) = C(s2,5)

| F M H is the event that the full house is made

| from face cards. Since there are 3 kinds of face
| cards, there are C(3, 1) ways to pick the first kind

and C(4, 3) ways to pick 3 of the 4 cards from that

! kind; there are C(2, 1) ways to pick the second
| kind and C(4, 2) ways to pick 2 of the 4 cards

from that kind.

| nFN M =Cc3,1)-C@,3)-C21)-C@2)

=3.4.2.6 =144

144
C(52,5)

| (F \UH) = P(F)+ P(H)- P(F N\ H)

34 792 144
=C62,5 Y €52, 5) " C(52, )
)

= C(52, 5)




E. Two events are independent when the occurrence of one event does not affect the probability of
another event occurring. When events E and F are independent, then P(E N F) = P(E) - P(F).

Many students get independent events and mutually exclusive events confused. The difference is
that when two events are mutually exclusive, they have nothing in common but when the events
are independent then the events do not influence each other. If two events are independent they

are not mutually exclusive.

9. A pair of dice are rolled 5 times. What is the
probability of rolling five 7's in a row?

10. A driver on a certain stretch of interstate has a
0.001 probability of getting a radar ticket.
Suppose a driver drives this stretch of road 6
times, what is the probability that the driver gets
at least one radar ticket?

Since rolling a 7 on any one roll does not

| influence the next roll, this probability is given by

| These events are independent. Since the
| complement is easier to find, we find it first.
| The complement of getting at least one ticket is

getting NO tickets.

| P(no ticket) = 1 - 0.001 = 0.999
| S0 (0.999)° = 0.994 i the probability of no tickets

in 6 trips. Thus

; P(getting a ticket) = 1- 0.994 = 0.006
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Section 11.4 Expected Value

Key Ideas
A. What Is Expected Value?

A. The expected value of an experiment is a weighted average of payoffs based on the outcomes of
the experiment. The weight applied to each payoff is the probability of the event (that
corresponds to the payoff) occurring. Expected value E is

E=ap,+ap,+...+ap,
Here a, is the payoff and p; is the probability.

1. A game consists of rolling a die. You receive the | The payoffs are:

face value in dollars if an odd number is rolled. Payoff  Event Description Probability
If the game costs $1.50 to play, what is the 1
expected value to you? -$1.50  an even number is rolled 2
-0.50 aoneis rolled (-1.50 + 1) %
150 a3isrolled (-1.50 + 3) %
350 aSisrolled (-1.50 + 5) %

f 1 1 ! 1
| E=-$150-5 - 0.50- ¢+ 1.50- % + 3.50- ¢
=0

The payoffs (commissions) are:
Payoff Probability

2. A sales clerk at a car stereo store works for
commission only. If 20% of the people purchase

an item where the clerk gets a $3 commission, if 8 020
10% purchase a item where the clerk gets a $5

commission, and if 5% purchase an item where $ 0l
the clerk gets a $8 commission, what is the Py 0.05
expected value per customer who enters the )
store? 0 therest

| E =3(0.20) + 5(0.10) + 8(0.05) + 0
= 06+05+04
=15
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A bow! contains eight chips which cannot be
distinguished by touch alone. Five chips are
marked $1 each and the remaining three chips
are marked $4 each. A player is blindfolded and
draws two chips at random without replacement
from the bowl. The player is then paid the sum
of the two chips. Find the expected payoff of this
game.

| Here the possible payoff are $2 (2 $1 chips are
| selected), $5 ($1 chip and a $4 chip) and $8 (2 $4

chips are selected).
- . . C(5,2 5
The probability of getting $2 is E((E:_Z)l =4

The probability of getting $5 is C(SJCl'zS. §§3’ .

-
C3,2 3
The probability of getting $8 is E{ﬁ%‘ =g
5 (15 .3
E=2-7;+5- g +8- %
=ll9 $4.25

Here we use the number of defective bulbs as the

payoff, so a sample of two bulbs can have 0, 1, or
2 defective bulbs.

| Payoff  Probability

o L2 _1
c02) - 15

| cancen 1
co2) <15

, L62__1
c(102) <15

A box of 10 light bulbs contains 3 defectives. If
a random sample of 2 bulbs is drawn from the
box, what is the expected number of defective
bulbs?
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